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The model

E(ϕ,C) =
1
8
‖dϕ‖2 +

1
2
‖dC +

1
2

ϕ
∗
ω‖2 +

1
2
‖C‖2

ϕ : M → N
(M,g) Riemannian, (N,h,J) Kähler, ω(X ,Y ) = h(JX ,Y )

C ∈ Ω1(M)

‖ · ‖= L2 norm: ‖C‖2 =
Z

M
|C|2 =

Z
M

C∧∗C etc.

e.g. M = R3, N = S2 (JX = ϕ×X )
Looks like Faddeev-Skyrme model (coincide when C = 0)

”Supercurrent coupled” FS model
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Why? Multicomponent GL theory

ψ1, . . . ,ψk : M → C, A ∈ Ω1(M)

EGL =
1
2

k

∑
a=1

‖dAψa‖2 +
1
2
‖dA‖2 +

Z
M

U(ψ)

Sigma model limit: assume U strongly confines ψ to sphere

|ψ1|2 + · · ·+ |ψk |2 = 1

e.g. U = λ(1−|ψ|2)2, λ → ∞

Fact (Hindmarsh, Babaev-Faddeev-Niemi,. . . ): EGL = E(ϕ,C)
where

ϕ = [ψ1, · · · ,ψk ] : M → CPk−1

C =
i
2 ∑

a
(ψadAψa−ψadAψa) = total supercurrent

k = 2, M = R3: FS model has knot solitons.
SCFS model? If so, expect they persist to 2-cpt GL theory.
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FS versus SCFS
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FS versus SCFS

M = R3, N = S2

FS model: EFS(ϕ)≥ cQ(ϕ)
3
4 (VK bound)

SCFS model: inf{E(ϕ,C) : Q(ϕ) = n}= 0 for all n ∈ Z
Proof: ∃ ϕ with ϕ = (0,0,1) outside B.
∃ C s.t. ϕ∗ω =−2dC (H2(M) = 0).
Can assume C = 0 outside B (H1(M\B) = 0).
Let Dλ : M → M, Dλ(x) = λx , λ > 0.

E(ϕ◦Dλ,D
∗
λ
C) =

1
2λ
‖dϕ‖2 +0+

1
2λ
‖C‖2

SCFS can’t have (nontrivial) global minimizers. Local minimizers?
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FS versus SCFS

M = M3, compact, N = S2, [ϕ∗ω] = 0

FS model: EFS(ϕ) > E2(ϕ)≥ cQ(ϕ) (JMS-Svensson)
Proof: Choose A s.t. dA = ϕ∗ω.

A = Aharmonic +dA0 +δA2 = δA2 w.l.o.g.

E2(ϕ) =
1
2
‖ϕ

∗
ω‖2 =

1
2
〈dA,dA〉=

1
2
〈A,∆A〉 ≥ 1

2
λ1‖A‖2

16π
2Q =

Z
A∧dA ≤ ‖A‖‖dA‖ ≤ ‖A‖

√
2E2(ϕ)

E2(ϕ) ≥ 8π
2
√

λ1Q(ϕ).

SCFS model: inf{E(ϕ,C) : Q(ϕ) = n}= 0 for all n ∈ Z
Proof: Paste in R3 argument

SCFS can’t have global minimizers (with ϕ∗ω exact). Local
minimizers?
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SCFS on a general domain

SCFS (like FS) analytically intractable on M = R3

For some M,N, can write down exact critical points of E(ϕ,C),
and determine exactly whether they’re (locally) stable.

Programme: develop variational calculus for E(ϕ,C) in general
setting.
First variation formula = field equations (critical pts)
Second variation formula = Hessian (stability of critical points)
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Second variation formula = Hessian (stability of critical points)
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FS model: Charge 1 “hopfion” known
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stable for 0 < R < 2
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unstable for all R

Exact example of supercurrent coupling destabilizing a stable
solution of FS
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2‖dϕt‖2 Ė1(0) =−〈X ,τ(ϕ)〉,

τ(ϕ) = tr∇dϕ = ∆ϕ− (ϕ ·∆ϕ)ϕ (N = S2)



First variation

Smooth variations: ϕt : M → N Ct ∈ Ω1(M)
X = ∂tϕt |t=0 ∈ Γ(ϕ−1TN) Y = ∂tCt |t=0 ∈ Ω1(M)

E1(t) = 1
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First variation

δ(dC +
1
2

ϕ
∗
ω)+C = 0,

τ(ϕ)−2Jdϕ]C = 0.

Fact: δC = 0, so div]C = 0 on M3

Fact: For fixed ϕ : M → N, there can be at most one C s.t. (ϕ,C)
is critical.
[Assume (ϕ,C′) also a solution. Then C′′ = C−C′ solves
δdC′′+C′′ = 0

⇒ 0 = 〈C′′,δdC′′+C′′〉= ‖dC′′‖2 +‖C′′‖2

so C′′ = 0.]
Defn: Solution (ϕ,C) is an embedding of ϕ if ϕ is a critical point
of EFS

Note: If an embedding of ϕ exists, it’s unique.
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Embedded Hopf map S3
R → S2

δ(dC +
1
2

ϕ
∗
ω)+C = 0, (1)

τ(ϕ)−2Jdϕ]C = 0. (2)

G = SU(2), K = {diag(λ,λ) : λ ∈ U(1)}, ϕ : x 7→ xK
Left-invariant vector fields θa, one-forms σa

At x = e, θa = i
2 τa.Radius R ⇒ |θa|= R

2

Try C = µσ3 [then (2) holds automatically]

ϕ
∗
ω = −σ1∧σ2

δ(ϕ∗ω) = −∗d∗σ1∧σ2 =− 4
R2 σ3

(1) ⇔ µ =
2

4+R2 [B =− 4
R(4+R2)

ϑ3]

Charge 1 coupled “hopfion”: (ϕ = hopf map,C =
2

4+R2 σ3)

Note this is unique embedding of Hopf map
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Stability of the Hopf map

ϕ : S3
R → S2 is an unstable critical point of E1.

Has 4 unstable modes (Urakawa)
Hence unstable critical point of EFS = E1 +E2 for R suff. large

ϕ : S3
R → S2 is a stable critical point of E2. In fact, it’s a global

minimizer in its homotopy class (JMS-Svensson)

Fact: unstable modes for E1 are positive modes for E2.
Hence stable critical point of EFS for R suff. small
Stable when 0 < R ≤ 2, unstable when R > 2

What about embedded Hopf map? Stable critical point of
E(ϕ,C), for small R?

Need second variation formula
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Second variation

ϕs,t : M → N Cs,t ∈ Ω1(M)
X = ∂sϕs,t |s=t=0, Y = ∂sCs,t |s=t=0,
X̂ = ∂tϕs,t |s=t=0 ∈ ϕ−1(TN) Ŷ = ∂tCs,t |s=t=0 ∈ Ω1(M)

Hess((X̂ , Ŷ ),(X ,Y )) =
∂

∂s∂t
E(ϕs,t ,Cs,t)

∣∣∣∣
s=t=0

= 〈
(

X̂
Ŷ

)
,H

(
X
Y

)
〉

Symmetric bilinear form on Γ(E ), E = ϕ−1TN⊕T ∗M
H self-adjoint, 2nd order linear diff-op Γ(E )→ Γ(E )
“Jacobi operator”
Jacobi operators for E1 (Smith, Urakawa. . . ) and E2

(JMS-Svensson) well understood

J X = ∆̄ϕX −RϕX

L X = −J

(
∇

ϕ

]δϕ∗ω
X +dϕ(]δdϕ

∗
ιX ω)

)
ιX ω(·) = ω(X , ·)
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H

(
X
Y

)
=

(1
4J + 1

4L +C 1
2A

1
2B δd+1

)(
X
Y

)
where

A : Ω1(M)→ Γ(ϕ−1TN) A : Y 7→ −Jdϕ]δdY

B : Γ(ϕ−1TN)→ Ω1(M) B : X 7→ δd(ϕ∗ιX ω)

C : Γ(ϕ−1TN)→ Γ(ϕ−1TN) C : X 7→ −1
2

J∇
ϕ

]δdCX .



(In)stability of the embedded Hopf map

G = SU(2), K = S(U(1)×U(1)), ϕ(x) = xK , C =
2σ3

4+R2

Can compute H explicitly

X = f1dϕθ1 + f2dϕθ2, Y = f3σ1 + f4σ2 + f5σ3, f1, . . . , f5 ∈ C∞(G)

J

(
f1
f2

)
= 4

R2

(
−(θ2

1 +θ2
2 +θ2

3) −2θ3

2θ3 −(θ2
1 +θ2

2 +θ2
3)

)(
f1
f2

)
Similar expressions for L ,A ,B,C ,δd as matrices of diffops

Peter-Weyl theorem: matrix elements of unitary irreps of G form
basis for L2(G). Expand each fa : G → R in this basis.

H preserves G-invariant subspaces of Γ(E ), so H
decomposes into blocks, indexed by “spin” s ∈ 1

2N of irrep.

Fundamental irrep s = 1
2 : replace each θa by i

2 τa. get 10×10
matrix representing H
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(In)stability of the embedded Hopf map

J =


3R−2 0 −4 i

R2 0

0 3R−2 0 4 i
R2

4 i
R2 0 3R−2 0

0 −4 i
R2 0 3R−2

 , L =


8R−4 0 −4 i

R4 0

0 8R−4 0 4 i
R4

4 i
R4 0 8R−4 0

0 −4 i
R4 0 8R−4

 , . . .

Maple finds negative eigenvalue of H

λ(R) =
p(R)−

√
p(R)2 +3840R4 +1536R6 +208R8 +16R10

8R4(4+R2)

where p(R) = 48+144R2 +51R4 +4R6

Total multiplicity 4. Eigenvector “mixed”

No other negative eigenvalues 0 ≤ s ≤ 10. Index probably 4.
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Concluding remarks

Embedded hopf “soliton” unstable on S3
R for all R

On M3, supercurrent coupling destroys VK bound (even if keep
topology)

Not so on M2

Can find other exact embedded critical points of SCFS.
E.g. Hopf map
Ck ⊃ S2k−1 → CPk−1, (z1, . . . ,zk) 7→ [z1, . . . ,zk ]
critical for C = µ[iz

(ϕ,0) critical iff ϕ harmonic and coclosed.
E.g. Id : N → N, π : N×K → N, πk : Flag(Cn)→ Grk ,n

(Id,0) is stable. Suggests better luck on M2.
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