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Vortices in superconductors

1 A 1
= [ IR+ 2(1 = |22 + 2| B2
| 310 + 51— WY + 318l
> Applied field H
G = / 2D+ 51 (9P + 518 — HP
_ 1 2
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» Same critical points. Stability depends on H



Vortices in superconductors

» Normal state: B=H, 1) =0, (G)ns =

ool>~



Vortices in superconductors

» Normal state: B=H, 1) =0, (G)ns = %
> MeiBner state: B =0, |¢| =1, (G)ms = 3|H|?.



Vortices in superconductors

» Normal state: B=H, 1) =0, (G)ps
» MeiBner state: B =0, || =1, <G>M SIH.

» Thermodynamic critical field H, = £

00\>4



Vortices in superconductors

» Normal state: B=H, 1) =0, (G)ns = %
> MeiBner state: B =0, |¢| =1, (G)ms = 3|H|?.
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Critical fields: type | (A < 1)

Hence H. > Heo.

Hcl = Fl %

Ea Heo =
/1 2 2
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Critical fields: type Il (A > 1)

Fo=

Hence H < Heo.

Hcl = Fl %

Ea Heo =
/1 2 2
Q§|D?/)| !Bl ( [¥1%)?
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Vortices!



Abrikosov lattice
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Fermi surface

Periodic Table of the Fermi Surfaces of Elemental Sol

http:fwww.phys.ufl.edu/fermisurface
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Fermi surface

» Far from isotropic

» Multiple bands

P exotic pairing possible:
» spin triplet p-wave
» spin singlet d-wave
» mix and match

» Multicomponent, anisotropic GL model



Multicomponent anisotropic GL theory

» Several condensates ¥, a =1,2,..., N.

)

1 = 1
F = 5Q;" DitaDjibs + V(¥) + 5 |BJ

> QY = Q"
> V(ePy) = V()
Q0 A

«

~0j(0Ai — 0iA) = Tm(Q) haDjiig)



Flux quantization

_ [ 1 L
F‘/RzzQ(Dw’ Dy) + V() + 58|

> V>0 V(u)=0u#0
> As r — oo, [¢] = [u], DY — 0

w ~ Ueix(a)7 A~ dX

» Flux quantization

/RQBZ]{.&A:X(%)—X(O) = 27n

» Each 1, has n zeroes (counted with multiplicity)



It's complicated?
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Vortex lattices

A vortex lattice is a solution of the Euler-Lagrange equations
which is
> translation invariant in some direction vz € R3

P periodic with respect to some lattice vi,vo L v3
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Vortex lattices

Work with fields ioé(Xl,Xz), Z,-(Xl,Xz), i =1,2,3 on unit square
[0, 1] with

Pa(X1+1,X) = a(X1, Xo)e?™ "%
Va(X1, X2 +1) = Pa(X1, X2)
A(Xi+1,X%) = Al(X, X)
Ax(Xi+1,X) = Ax(Xy,Xp)+2mn
As(Xi+1,X) = As(X1, Xo)
Ai(X, Xo+1) = Aj(X1, X2)



Optimal lattice geometry?
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Optimal lattice geometry?

Should minimize

1 1
¢ = [ {30000+ v+ Jie - ne}
1
= F—H-/B+/H\2
Q 2 Ja
w.rt. 9o, Aand L (and n = deg L):
11 1,1 T
G = *Lk- Py UL/' + *tr(LFL ) —2nmH;Li3 + V(w),
2 ¢ a2 T2x[0,1]

where

Prijj = Re/ Q5" Dictha Drts
T2x[0,1]

Fj = / B;B;.
T2x]0,1]
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Numerical method

» Discretize unit square

G : RONHIYMN o 2 W R

where

¢ ={Lec GL(3,R):detL =1, LjyLj3 =0, LipLjz =0} C R®

» Minimize a function on a (codimension 3 submfd of) a big
Euclidean space.
> Arrested Newton flow.



Vortex line tilting

» Single component model:

10 0 9
Q=101 0 |, V:Z(1—\¢\2)2
0 0 01

» Optimal lattice does not have v3 || H if H not an eigenvector
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Vortex line tilting
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Vortex line tilting
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Vortex line tilting

0=m/4 A R A

- - - - 0.035
a = 0.0257 X LI [ [/ 0.03
1

/R y 0025

0.02

v TER N oo

0.005




Vortex line tilting
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Vortex line tilting
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Vortex line tilting
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Finding H.q

> Fix H € §2. Start with |H| small.



Finding H.q

> Fix A € 2. Start with |H| small.

» Run lattice minimization algorithm with |v1| = |v2| = L, large
fixed and v1 - v» = 0.



Finding H.q

> Fix A € 2. Start with |H| small.

» Run lattice minimization algorithm with |v1| = |v2| = L, large
fixed and v1 - v» = 0.

» Increment |H| until G crosses below Gpeigner



Finding H.q

> Fix A € 2. Start with |H| small.

» Run lattice minimization algorithm with |v1| = |v2| = L, large
fixed and v1 - v» = 0.

» Increment |H| until G crosses below Gpeigner
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Finding Hc,

» Second variation of G about normal state ¢y =0, dA=H
d? ) B ) i -
2| G Ad) = (Yo, = Q" DiDjs+ Magtp) i2() HIdA 2o
t=0
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Finding Hc,

» Second variation of G about normal state ¢y =0, dA=H

d2

g2 WA= (e, — Q)" DiDjths+Magtis) 120+ Al 72
t=0

where M,z = 202V /04,0150
» Normal state stable &

has positive spectrum.
> Rotate coordinate system so that H = (0,0, |H|)

R=(1 1 A). Q@-RTQR



Finding Hc,
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Finding Hc,

» Rescale spatial coords Y; = \/|H|/2X;
Ll
2
D = 8y1 +1iYs, 9r = ay2 —iY1, 935 = 6y3.

» [0,iZ3] =0, seek simultaneous eigenstates

O=—"QiZ2:Z+M

= p(Y1, Ya)e"?

> a= (P +iD), al = 5(Z1 — D) satisfy the harmonic
oscillator algebra
[a,a'] =1

> O reduces to (infinite) tridiagonal matrix acting on “particle
states” |m) = (a")™|0), |0) = e~ (YE+Y5)/2,



Finding Hc,

» Single component, isotropic
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Finding Hc,

» Single component, isotropic

A
Q=1I  V=2(1-[vf)’

~ A
Ok = |H|(a'a + aa') + k* — 5
» Clearly ground state has k =0, ¢ = |0):
A A
= _ — HC = —.
Eq ’H| 5 = 2 >



Finding Hc,

» No reason in general why ground state should have k =0



Finding Hc,

» No reason in general why ground state should have k =0

—0.35 —0.25 0.39 0.11 021 0.27
Qll = Q22 = I3, le = ( —0.24 011 038 ) + 17 ( 0 —01 007 )

0.42 0.37 —0.4 0.18 0.14 0.22




An s + id model
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An s + id model

1
diag(1, —1,0)

1 1
11 . 22 11 12
= diag(1,1,0.1), Q“==-Q", Q=
Q iag( ) 5 >3

V2

V = —L4[1 2|2 +2 |¢1|4+ \¢2|4+ |1 |2+ (1111 Poti03)



An s + id model

1 . 1 1
Q" = T dieg(L1,01),  QP=2Q", Q7= dieg(1,~1,0)

V = —14jp1|P— |y +2 |¢1|4 —|1/12| +3 |¢1| 2| +5 (¢1¢2+¢1¢2)
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An s + id model: vortex line tilting
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An s + id model: vortex splitting
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An s+ id

model: vortex splitting
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An s + id model: vortex splitting
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An s + id model: vortex splitting
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An s + id model: vortex splitting
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An s + id model: vortex splitting
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An s + id model: vortex splitting
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An s+ id

model: vortex splitting
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An s + id model: vortex splitting
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An s + id model: vortex lattice at |[H| = 0.6
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An s + id model: vortex lattice at |[H| = 0.6
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model: vortex lattice at |H| = 0.6
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An s + id model: vortex lattice at |[H| = 0.6
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An s + id model: vortex lattice at |[H| = 0.6
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An s + id model: vortex lattice at |[H| = 0.6
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model: vortex lattice at |H| = 0.6
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An s + id model: vortex lattice at |[H| = 0.6
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An s + id model: vortex lattice at |[H| = 0.6
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An s + id model: vortex lattice at |[H| = 0.6
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An s + id model: vortex lattice at |[H| = 0.6
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An s +

id model: vortex lattice at |
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An s + id model: vortex lattice at |[H| = 0.6
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Concluding remarks

> Vortex lattices in anisotropic superconductors are complicated
> Can't just scale the Abrikosov lattice

» Vortex line tilting
» Magnetic field deviation
» Core splitting

» Need to minimize (G) over fields and period lattice [v1, v2, v3]
» Assumption that v3 || H is not well justified



