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Proton-neutron mass splitting

@ mp = 939.56563 MeV, m, = 938.27231 MeV,

2(mp —my)
my+ mp

=0.1377%

Skyrme model?
U(t,r) = e~ “%/2[cos f(r)T, + isin f(r)n - 1]e"%/2

Quantize. Proton /3 = 1/2, neutron /s = —1/2

Action must somehow distinguish between clockwise and
anticlockwise isorotation in 4-T, plane...

...and be Lorentz and parity invariant.
Difficult.



Two solutions

@ Holography (Bigazzi and Niro 2018): introduce explicit m,-mgy
difference in Sakai-Sugimoto model.
e Also get 1*-1t° mass difference
e But it's not really the Skyrme model
e U coupled to infinite tower of vector mesons

@ Chiral perturbation theory



Chiral perturbation theory
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®-meson Skyrme model

@ Adkins and Nappi 1984:
1 omP 1 v o 1

@ m=my/my=0.176

@ Coupling constant: Bay = 96.7, Bsuiciite = 34.7.



®-meson Skyrme model

@ More geometric formulation: M = R3, N = S° C R*,
e 0:M—N,
o @ € C*(M),
e e (M)
o 0= VO/N/VO/( ) (so By = (])*
@ Static field equations

1 m? _
A0)0+0)0+B*(])*Q =
ddo+w =
where <X, E¢(Y1, Y2)> = Q(X, dq)( Y1),d¢( Yg))
@ E.g. for a hedgehog ¢(rn) = (cosf(r),sinf(r)n)
. 2 )
o= _sh stf(—sin f,cosfn) — ﬂdr/\ (0,n x dn)

2n? 2n?



®-meson Skyrme model

@ Coincides with constrained variational problem

1 m? 1 1
Eu(g.00) = 5402+ [ (1=000)+ 7 ldool+ ool
(A+1)oy = B0

@ ¢ = myp, nonlocal functional Ey(0)
@ Cf sextic model

2 2
Eo(0) = gld0l+ % [ (1-600)+ 5 ol

1 m?
4

JT(0)+ T-(V0) 00— B (44 0"R) A Zy) =0



Ey versus Eg

Energy bounds: compact M

Eol0), Es(9) > 1o

Es(0) > C'B

Unfortunately E,(¢) < Es(®), so doesn’t imply bound on Ej,
Thm For all 32 > 1/4, Id : N — N is E stable

Thm If N is Einstein, there exists By > 0 s.t. for all 32 > B2,
Id: N— Nis Eg, stable



The Eg skyrmion

@ Supports hedgehog solution ¢(rn) = (cosf,sinfn),wo(r)
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The perturbation

L={-}- gowvnw
where [N,y = 0,,T10yTto — dyT1dy T
@ Has terms linear in d;. E.g. for isospinning hedgehog
K00 (0¢T10, T2 — 0420, T+ )
@ Lorentz and parity invariant
@ Static field equations

1 m? -
210)+ 7= (Vo) 00— B (daw A =y)
+g*(d(n/\(I)*dinzo(j)fdmA(l)*d(PszO¢) = 0
Aoy +wp+pQ2 = 0
6dw+w+§6(q>*dnmdnz) =0

@ Bad news: no longer supports hedgehog ansatz. The B =1
skyrmion is only axially symmetric. PDEs!!



The perturbation

@ Perturbative calculation: ® = O(k)
@ ¢, g unperturbed to leading order
@ Hedgehog has

8(¢*dmy Adma) = Pr(r)sin®0do

Nice fact: 8d(P(r)sin®0d¢) = [—P"(r) +2r ' P(r)]sin®0do
@ To leading order, still an ODE problem! ® = kW/(r)sin? 6d¢,

2 in2f
T sz mPsinf + —Bmosm f =0
r r

fsmf = 0

mg+;w0 @0+ 3

2r
2 1 1 1
!/ /! _ R
W_<1+r2>w_8(F r2F+r2> = 0, F:=cos2f



The perturbed skyrmion
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Rigid body quantization

@ Classical static solution (¢, ®g, ®)

@ Spin-isospin symmetry group: G = SU(2) x U(1)
(g,A) : (0n, 00, ®) — (h(?u)((bHol%’gq)h(k) , W0 0 Rg1, B g1 )
where h(L) = diag(A, 1) and %, : R® — R® denotes the
orthogonal linear map defined so that

(Zgx) - it = g(x-it)g""

@ Isotropy group H = {(£h(A),A) : A€ U(1)} = U(1) X Z,
@ Orbit of static solution . = G/H = SU(2)/Z,

{£9} = (Un, 00,®) (g 1)
Induced action of G on SU(2)/Z,

(g.4): {£d'} = {£h(1)'g'g}



Rigid body quantization

@ Restrict field theory Lagrangian L = [,, L to ., i.e. compute for
(Un, 00, 0) (g(1),1)
@ L a quadratic polynomial in time derivatives

1(9,9) = J1§.6) + AG) ~ M

where v, A, My are a metric, one form and function on .#
@ L invariant under induced G action:

Y=NA(ZF4+X3)+AsX3, A=CYs, M= const

where X are right invariant one forms on SU(2) dual to —it,/2
@ Up to here: true for exact axial solution also



Rigid body quantization

Explicit computation (perturbed hedgehog)

2 {ee)
N = ?n/ r?sin? fdr + O(x?)
0

/\3 = /\1—|—O(K2)
C = KC.+0(x?)

4 {e o)
C. = 3 / complicated(f, o, W)dr + O(x)
0
My = /complicated(f,wo)dr+O(Kz).
0

M, = static energy of hedgehog



Rigid body quantization

1 .. .
L= Ev(g,g) +A(g) — Mo

e Fermionic quantization: lift dynamics to double cover ./ = Su(2)
v:SU(2) = C, y(-g)=-v(g)

@ Unit mass particle moving on mfd (SU(2),y) under influence of
“magnetic field” B = dA:

1
Hy = —E*dA*dA\quMo\u

da=d—IiA.

1

N (6% 4+ 03+ ©2 — 2ikC.O3)y + Moy + O(k?)
1

Hy =



Rigid body quantization

@ Reexpress in terms of angular momentum operators.

e Spatial rotation about j axis <+ right multiplication by exp(iowt;/2),
generated by left invariant vector field —6;.

S = —i(—6;)
e Isorotation about 3 axis < left multiplication by exp(—iot3/2),
generated by right invariant vector field ©3.

Iy = —iOs

0 ©2 102 +02=021+02+62, 50



Rigid body quantization

1 xC,
H=—|s|>— I + M,
2/\1‘ | A, 2T Mo
@ Spectrum H|S, ) = (S(ZSTJT) — %1’3 +Mo> |S, Is)

e Proton |1/2,1/2),

e Neutron [1/2,—1/2),

1 3
=M+ — | - +xC.

@ For Bsutiie, K = —0.08075 gives correct mass splitting



Electric charge density

@ Noether current associated to isospin symmetry

oL
M = ——Am An = (mp, —m4,0
a(a’una) a ( 2 1, )
@ Electric charge density?
1 Jo(X)
X) = =By(x)+/
Pe(x) = 5 Bo(x) Sy
where Jy is the Noether charge density of a classical isospinning

hedgehog.
@ Problem: exp(—ivt3/2)Uyexp(ivts/2) has

BK ! K / . / 2
Wf' sinf + —mq(sin2f)" | sin“0
2n2r2 2 of )

Jo(X) = <:sin2 f+

Not homogeneous in v! How should v be chosen?



Electric charge density

® Jo = Vp1+p2

pa(x) = 5 Bolx) + [vp1 (x) + pa(x)]

Choose v such that [ pe =1 (proton) or [ pe = 0 (neutron)
@ [p1=»A\1, [p2=xC, (of course)

1 /1
Vp = /\1<—KC*>
1
Vp = — /\1( +KC>



Electric charge density Bsutciiffe; Ktuned

0.045 T T

0.04

0.035

0.03

r2<:1[}>

-0.01 \ P

-0.005 L L -0.02 . L
0 0



Electric charge density Ban, K =0

1.5

O A N VA DAY AR |

TTrTrrrrryrrrrrorro T

PR T S Y |

T T Y

orTTTT
n
]
r-g

r {Fermi)



Electric charge density Bsutciiffe; Ktuned
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Conclusion

@ Very simple perturbation of £, can produce p-n mass splitting

@ Beyond perturbative calculation: (U, wg, ®) axially symmetric,
Ns # N

2 _
S(S+1)_% M C +/\1 /\3/2

E(s.l5) =
(8:58) = =8~ 7, "Mt ot oA,

@ Isospin only softly broken: quantize motion on whole
G = SU(2) x SU(2) orbit.
e ./ 5 dimensional
e V,A, My only G invariant (My =potential)

@ Higher B: would like proper solutions of unperturbed model...



