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Plan

Gauged sigma model on Σ2 with P1 target: two species of
vortex

Moduli space = {pairs disjoint divisors}: noncompact even if
Σ compact

Natural Riemannian metric gL2 . Complete? Volume?

Consider Σ = C, then S2
R , focus on (1, 1) case

(Almost) explicit formula for gL2 , careful numerics

Conjecture for gL2 near coincidence: incomplete

Conjectures for volumes (S2)



The model

Principal S1 bundle P → Σ2, connexion A

S1 action on S2, moment map µ

Section n of P ×S1 S2

E =
1

2
‖dAn‖2 +

1

2
‖FA‖2 +

1

2
‖µ ◦ n‖2

Primarily interested in Σ2 = R2. n : R2 → S2 ⊂ R3,
Dn = dn− Ae× n

E =
1

2

∫
R2

(
|Dn|2 + |B|2 + (e · n)2

)
where B = dA. Choose e = (0, 0, 1).



Flux quantization, vortices

As r →∞, e · n→ 0 and Dn→ 0∫
R2

B =

∫
S1
∞

A = 2π deg(n∞ : S1
∞ → S1

e )

If deg n∞ = 1, two ways to close off the cap:

+1

−1

n± = number signed preimages of ±e∫
R2 B = 2π(n+ − n−)



Bogomol’nyi argument

Let Q = (e · n)A and assume Q → 0 as r →∞ suff. fast that∫
S1
∞

Q = 0

(n× Dn) · Dn = n∗ω + dQ − (e · n)B

For all such (n,A),

E =
1

2

∫
R2

{
|D1n + n× D2n|2 + 2(n× D1n) · D2n + |B|2 + (e · n)2

}
=

∫
R2

(n∗ω + dQ) +
1

2
‖D1n + n× D2n‖2 +

1

2
‖ ∗ B − e · n‖2

≥
∫

R2

n∗ω = 2π(n+ + n−)

with equality iff

D1n + n× D2n = 0, ∗B = e · n



The Taubes equation

u =
n1 + in2

1 + n3
, h = log |u|2

h finite except at ± vortices, h = ±∞. h→ 0 as r →∞.

BOG1 ⇒ Az̄ = −i ∂z̄u
u

Eliminate A from BOG2

∇2h − 2 tanh
h

2
= 0

away from vortex positions

(+) vortices at z+
r , r = 1, . . . , n+, (−) vortices at z−r ,

r = 1, . . . , n−

∇2h − 2 tanh
h

2
= 4π

(∑
r

δ(z − z+
r )−

∑
r

δ(z − z−r )

)



The Taubes equation

Theorem (Yang, 1999): For each pair of disjoint divisors
[z+

1 , . . . , z
+
n+

], [z−1 , . . . , z
−
n− ] there exists a unique solution of

(TAUBES), and hence a unique gauge equivalence class of
solutions of (BOG1), (BOG2).

Moduli space of vortices: Mn+,n1 ≡ (Cn+ × Cn−)\∆n+,n−



Solving the (1,1) Taubes equation (numerically)

∇2h − 2 tanh
h

2
= 4π (δ(z − ε)− δ(z + ε))

Regularize: h = log
(
|z−ε|2
|z+ε|2

)
+ ĥ

∇2ĥ − 2
|z − ε|2ebh − |z + ε|2

|z − ε|2ebh + |z + ε|2
= 0

Rescale: z =: εw

∇2
w ĥ − 2ε2 |w − 1|2ebh − |w + 1|2

|w − 1|2ebh + |w + 1|2
= 0

Solve with b.c. ĥ(∞) = 0



Solving the (1,1) Taubes equation (numerically)

Symmetry:

1−1

−vortex +vortex

w
1

2
w

F (ĥij) = 0, solve with Newton-Raphson
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F (ĥij) = 0, solve with Newton-Raphson



Solving the (1,1) Taubes equation (numerically)

Symmetry:

1−1

−vortex +vortex

w
1

2
w
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Symmetry:
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F (ĥij) = 0, solve with Newton-Raphson



(1,1) vortices

ε = 4



(1,1) vortices

ε = 2



(1,1) vortices

ε = 1



(1,1) vortices

ε = 0.5



(1,1) vortices

ε = 0.3



(1,1) vortices

ε = 0.15



(1,1) vortices

ε = 0.06



The L2 metric on Mn+,n−

Consider a curve (n(t),A(t)) of vortex solutions

Demand (ṅ, Ȧ) is L2 orthogonal to all infinitesimal gauge
transformations:

−δȦ = ṅ · (e× n)

Gauss’s Law

Kinetic energy

T =
1

2

∫
R2

(
|ṅ|2 + |Ȧ|2

)
defines a Riemannian metric on Mn+,n−



Strachan-Samols localization

Consider a curve in Mn+,n− along which all vortex positions
z±r (t) remain distinct

Let u =: exp( 1
2h + iχ) and u̇ =: uη, so η = 1

2 ḣ + i χ̇

ḣ satisfies linearized (TAUBES)

χ̇ determined by (GAUSS)

∇2η − sech2 h

2
η = 4π

(∑
r

ż+
r δ(z − z+

r )−
∑

r

ż−r δ(z − z−r )

)

whence

η =
∑

r

ż+
r

∂h

∂z+
r

+
∑

r

ż−r
∂h

∂z−r

η is a very good way to characterize (ṅ, Ȧ). Why?



Strachan-Samols localization

T =
1

2

∫
R2

(
4∂z η̄∂z̄η + sech2 h

2
η̄η

)



Strachan-Samols localization

T = lim
ε→0

1

2

∫
R2\Dε

(
4∂z η̄∂z̄η + sech2 h

2
η̄η

)



Strachan-Samols localization

T = lim
ε→0

1

2

∫
R2\Dε

(
4∂z(η̄∂z̄η)− η̄(∇2 − sech2 h

2
)η

)



Strachan-Samols localization

T = lim
ε→0

i
∑

r

∮
Cr

η̄∂z̄ηdz̄



Strachan-Samols localization

T = lim
ε→0

i
∑

r

∮
Cr

η̄∂z̄ηdz̄



Strachan-Samols localization

T = π

{∑
r

|ż+
r |2 +

∑
r

|ż−r |2 +
∑
r ,s

∂b+
s

∂z+
r

ż+
r

˙̄z+
s +

∑
r ,s

∂b−s
∂z−r

ż−r ˙̄z−s

+
∑
r ,s

∂b−s
∂z+

r
ż+
r

˙̄z−s +
∑
r ,s

∂b+
s

∂z−r
ż−r ˙̄z+

s

}

where, in a nbhd of z+
s ,

h = log |z − z+
s |2 + a+

s +
1

2
b̄+
s (z − z+

s ) +
1

2
b+
s (z̄ − z̄+

s ) + · · ·

T̄ = T ⇒ g hermitian ⇒ ∂b+
s

∂z+
r

= ∂b̄+
r

∂z̄+
s

etc

⇒ g kähler

Can compute g if we know br (z+
1 , . . . , z

−
n−)
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∑
r ,s
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∂z−r

ż−r ˙̄z−s

+
∑
r ,s

∂b−s
∂z+

r
ż+
r

˙̄z−s +
∑
r ,s

∂b+
s

∂z−r
ż−r ˙̄z+

s

}

where, in a nbhd of z±s

h = ± log |z − z±s |2 ± a±s ±
1

2
b̄±s (z − z±s )± 1

2
b±s (z̄ − z̄±s ) + · · ·

T̄ = T ⇒ g hermitian ⇒ ∂b+
s

∂z+
r

= ∂b̄+
r

∂z̄+
s

etc

⇒ g kähler

Can compute g if we know br (z+
1 , . . . , z

−
n−)



Strachan-Samols localization

g = 2π

{∑
r

|dz+
r |2 +

∑
r

|dz−r |2 +
∑
r ,s

∂b+
s

∂z+
r

dz+
r dz̄+

s +
∑
r ,s

∂b−s
∂z−r

dz−r dz̄−s

+
∑
r ,s

∂b−s
∂z+

r
dz+

r dz̄−s +
∑
r ,s

∂b+
s

∂z−r
dz−r dz̄+

s
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The metric on M1,1

M1,1 = (C× C)\∆ = Ccom × C×

M0
1,1 = C×

g0 = 2π

(
2 +

1

ε

d

dε
(εb(ε))

)
(dε2 + ε2dψ2)

where b(ε) = b+(ε,−ε)

εb(ε) = ∂bh
∂w1

∣∣∣
w=1
− 1

Can easily extract this from our numerics



The metric on M1,1

εb(ε) =
∂ĥ

∂w1

∣∣∣∣∣
w=1

− 1



The metric on M1,1

F (ε) = 2π

(
2 +

1

ε

d(εb(ε))

dε

)



The metric on M1,1: conjectured asymptotics

F∗(ε) = 2π (2 + 4K0(ε)− 2εK1(ε)) ∼ −8π log ε

F∞(ε) = 2π

(
2 +

q2

π2
K0(2ε)

)



Self similarity as ε→ 0

Suggests ĥε(w) ≈ εf∗(εw) for small ε, where f∗ is fixed?

Define fε(z) := ε−1ĥε(ε
−1z)



Self similarity as ε→ 0
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Self similarity as ε→ 0

(∇2ĥ)(w) = 2ε2 |w − 1|2ebh(w) − |w + 1|2

|w − 1|2ebh(w) + |w + 1|2

Subst ĥ(w) = εfε(εw)

Take formal limit ε→ 0

Screened inhomogeneous Poisson equation, source −4 cos θ/r

Unique solution (decaying at infinity)

f∗(re
iθ) =

4

r
(1− rK1(r)) cos θ
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Self similarity as ε→ 0
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Subst ĥ(w) = εfε(εw)

Take formal limit ε→ 0

Screened inhomogeneous Poisson equation, source −4 cos θ/r

Unique solution (decaying at infinity)

f∗(re
iθ) =

4

r
(1− rK1(r)) cos θ



Self similarity as ε→ 0



The metric on M0
1,1

Predict, for small ε,

ĥ(w1 + i0) ≈ εf∗(εw1) =
4

w1
(1− εw1K1(εw1))

whence we extract predictions for εb(ε), F (ε)

g0 = F (ε)(dε2 + ε2dψ2)

Conjecture: F (ε) ∼ −8π log ε as ε→ 0
M1,1 is incomplete, with unbounded curvature



Vortex-antivortex pairs on S2
R

gS2 = Ω(z)dzdz̄ =
4R2dzdz̄

(1 + |z |2)2
= d(2Rz)d(2Rz̄) + · · ·

Regularized Taubes equation, (±)-vortex at z = ±ε:

∇2
w ĥ − 2ε2Ω(εw)

|w − 1|2ebh − |w + 1|2

|w − 1|2ebh + |w + 1|2
= 0

Squared length of ∂/∂ε

g(∂/∂ε, ∂/∂ε) = F (ε) = 2π

(
2Ω(ε) +

1

ε
β′(ε)

)
where, again, β(ε) = εb+(ε,−ε) =

∂ĥ

∂w1

∣∣∣∣
w=1

− 1

Again, can solve (TAUBES) numerically for ε ∈ (0, 1]
(ε 7→ 1/ε is an isometry)



Vortex-antivortex pairs on S2
R

Note that β(1) = −1 = limε→0 β(ε)



The planar limit R →∞



The metric on M1,1(S2) = (S2 × S2)\∆

g is SO(3)-invariant, kähler, and invariant under
(z+, z−) 7→ (z−, z+)
Every such metric takes the form

g = −A′(ε)

ε
(dε2 + ε2σ2

3) + A(ε)

(
1− ε2

1 + ε2
σ2

1 +
1 + ε2

1− ε2
σ2

2

)
,

for some smooth decreasing A : (0, 1]→ R with A(1) = 0.
(Here σi are the usual left-invariant one-forms on SO(3))
Has finite total volume iff A is bounded

Vol(M1,1) = −
∫

(0,1]×SO(3)
A′Adε ∧ σ123 =

1

4
(4π)2 lim

ε→0
A(ε)2



The metric on M1,1(S2) = (S2 × S2)\∆

For the vortex metric

A(ε) = 2π

(
4R2

1 + ε2
− β(ε)− 2R2 − 1

)

Recall numerics suggest limε→0 β(ε) = −1, whence

Vol(M1,1) = (2π)2(4πR2)2

Coincides with the volume of configuration space of a pair of
distinct point particles of mass 2π moving on S2

R

Conjecture: The L2 metric on M1,1(S2
R) is incomplete, with

unbounded curvature, and has finite total volume
(2π)2(4πR2)2



The volume of Mn,n(S2)

Mn,n(S2) = {disjoint pairs of n-divisors on S2} = (Pn×Pn)\∆
Consider gauged linear sigma model:

fibre C2

gauge group Ũ(1)× U(1) : (ϕ1, ϕ2) 7→ (e i(eθ+θ)ϕ1, e
i eθϕ2)

Eee =
1

2

∫
Σ

{
|F̃ |2

ẽ2
+ |F |2 + |deAϕ|2 + |dAϕ|2

+
ẽ2

4
(4− |ϕ1|2 − |ϕ2|2)2 +

1

4
(2− |ϕ1|2)2

}
For any ẽ > 0, has compact moduli space of (n, n)-vortices

M lin
n,n = Pn × Pn

Baptista found a formula for [ωL2 ] of Mn1,n2(Σ)

Can compute Vol(M lin
n,n(S2)) by evaluating [ωL2 ] on P1 × {p},

{p} × P1



The volume of Mn,n(S2)

Eee =
1

2

∫
Σ

{
|F̃ |2

ẽ2
+ |F |2 + |deAϕ|2 + |dAϕ|2

+
ẽ2

4
(4− |ϕ1|2 − |ϕ2|2)2 +

1

4
(2− |ϕ1|2)2

}

Take formal limit ẽ → 0:

|ϕ1|2 + |ϕ2|2 = 4 pointwise

Ã frozen out, fibre C2 collapses to S3/Ũ(1) = P1

E-L eqn for Ã is algebraic: eliminate Ã from E∞

E∞ =
1

2

∫
Σ

|F |2 + 4
|du − iAu|2

(1 + |u|2)2
+

(
1− |u|2

1 + |u|2

)2

where u = ϕ1/ϕ2

Exactly our P1 sigma model!



The volume of Mn,n(S2)

Leads us to conjecture that

Vol(Mn,n(S2)) = limee→∞Vol(M lin
n,n(S2) =

(2πVol(S2))2n

(n!)2

More elaborate choice of linear model gives more general
conjecture:

Vol(Mn,m(S2)) =
(2π)n+m

n!m!
(Vol(S2)− π(n −m))n(Vol(S2) + π(n −m))m

Similar limit (Ck fibre, U(1) gauge → ungauged Pk−1 model)
studied rigorously by Chih-Chung Liu.


