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o Gauged sigma model on Y2 with P! target: two species of
vortex

@ Moduli space = {pairs disjoint divisors}: noncompact even if
> compact

@ Natural Riemannian metric gj2. Complete? Volume?

o Consider & = C, then S3, focus on (1,1) case

o (Almost) explicit formula for g2, careful numerics

o Conjecture for g;> near coincidence: incomplete

e Conjectures for volumes (S2)



The model

@ Principal S bundle P — Y2, connexion A
e S! action on 52, moment map

@ Section n of P x g1 S?

1 1 1
E = Sldan|? + Sl FalP + 5102

@ Primarily interested in X2 = R?. n: R? — §%2 C R3,
Dn=dn— Ae x n

1
E=5 [, (D0 + 1B + (e-n?)
2R2

where B = dA. Choose e = (0,0, 1).



Flux quantization, vortices
@ Asr—oo,e-n—0and Dn — 0

/B:/ A:27rdeg(noo:5§o—>5§)
R2 sL

If degny = 1, two ways to close off the cap:

6
n+ = number signed preimages of +e

Jg2 B =2m(ny —n_)



Bogomol'nyi argument

o Let Q =(e-n)A and assume Q — 0 as r — oo suff. fast that
fsgo Q=0
(nx Dn)-Dn=n"w+dQ — (e-n)B

e For all such (n, A),
1
E = 2/ {|Din +n x Donf* +2(n x Din) - Don + |B|? + (e - n)?}
]R2
1 1
= /(n"‘cu—de)+2||D1n+n><Dgn\z—k2||>|<B—e-n||2
RZ

> / n*w =2m(ny + n_)
R2
with equality iff

Din+n x Don =0, *xB=e-n



The Taubes equation

ny 4+ iny

h=1 2
T og |ul

u =

h finite except at + vortices, h = +00. h — 0 as r — oo.
BOGL = A; = —j%
Eliminate A from BOG2

h
v2h—2tanh5 =0

away from vortex positions

(+) vortices at z", r =1,...,ny, (=) vortices at z,,
r=1,...,n_

Vzh—2tanhg = 4r <Z(5(z—zr+)—§r:5(z—zr‘)>



The Taubes equation

e Theorem (Yang, 1999): For each pair of disjoint divisors
[z, ...z} ].[z ..., z, ] there exists a unique solution of
(TAUBES), and hence a unique gauge equivalence class of

solutions of (BOG1), (BOG2).
@ Moduli space of vortices: M, p, = (C™ x C"-)\Ap, n_



Solving the (1,1) Taubes equation (numerically)

V2h — 2tanh g — 4 (§(z —2) — 6(z + &)

e b |z—e]? h
@ Regularize: h = log e +h

N L I IR
|z — |2l + |z + ¢]?

@ Rescale: z =: ew

-~ w— 1]2eh — w + 1[?
Vﬁ,h7252‘ Fe” — | " g
lw — 1[2eh + |w + 1|2

@ Solve with b.c. ﬁ(oo) =0



Solving the (1,1) Taubes equation (numerically)

@ Symmetry:

-1 1 w1
—vortex +vortex




Solving the (1,1) Taubes equation (numerically)

@ Symmetry:

-1
—vortex

+vortex



Solving the (1,1) Taubes equation (numerically)

@ Symmetry:

-1 1 w1
—vortex +vortex




Solving the (1,1) Taubes equation (numerically)

@ Symmetry:

-1 1 w1
—vortex +vortex




Solving the (1,1) Taubes equation (numerically)

@ Symmetry:

-1 1 w1
—vortex +vortex




Solving the (1,1) Taubes equation (numerically)

@ Symmetry:

-1 1 w1
—vortex +vortex

° F(/f;u) = 0, solve with Newton-Raphson



(1,1) vortices
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(1,1) vortices
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(1,1) vortices

€ =0.06 x



The L? metric on M, ,_

e Consider a curve (n(t), A(t)) of vortex solutions

e Demand (n, A) is L2 orthogonal to all infinitesimal gauge
transformations: _
—0A=n-(exn)

Gauss's Law

@ Kinetic energy

1 . .
=5 [ (2 + 14P)
2 R2

defines a Riemannian metric on M, ,_



Strachan-Samols localization

o Consider a curve in M,,, ,_ along which all vortex positions

z*(t) remain distinct

:
o Let u=: exp(%h—k ix) and i =:un, son= %h—k 5%
o h satisfies linearized (TAUBES)

@ x determined by (GAUSS)

Vzn—sech2 —47T<Zz+5z—z Zz Mz —z~ )

whence

n—z +er 2r882/:

r

e 7 is a very good way to characterize (n, A). Why?



Strachan-Samols localization

1 h
T== / <482778§77 + sech? 7777)
2 R2 2



Strachan-Samols localization

[

.1 _ 2 h_
T = EITOE /R2\DE (482778277 + sech 27777)



Strachan-Samols localization
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Strachan-Samols localization
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Strachan-Samols localization

Obg . _-_
s+ Y 2y,

r,s

{zwmg e
+Z by . - obs 2‘*+}

0
7tz z
r S —“r S
oz, . 0z,
where, in a nbhd of z;",

)

h:Iog|z—zs+|2+a + = b+(z—z+)+ bi(z—z)+---



Strachan-Samols localization

Obg . _-_
s+ Y 2y,

r,s

{zwmg e
+Z by . - obs 2‘*+}

0
z'z z
r =s —“r =s
oz, . 0z,
where, in a nbhd of z

)

1-
h=logle — 7 4 af & JBE(e — o) 4 BB ) 4o



Strachan-Samols localization

g = 2W{Zd2fl2+2|dzrl2+z Sdz+d++z Sdz dz;
r r r,s
+Z be dz*d‘* Z by dz }

where, in a nbhd of zsfE
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Strachan-Samols localization

g = 27T{Zdz,+|2+2|dz,|2+z : * dz dz ++Z bs dz dz;
r r r,s
+Z bs dz*d‘* Z be dz }

where, in a nbhd of zsfE

h—:I:Iog|z—zi\ :I:a + = bi(z—z B bi(Z 'f)—&----

ab; _ 0bf
0z — 0z F

etc = g kahler

@ Can compute g if we know b,(z/",...,z, )



The metric on My ;

) M171 = (C X (C)\A = Ccom x C*
° M?,l =C~

g’ =2r <2 + 15(513(5))) (de? + e2dv?)

e de

where b(e) = by (g, —¢)

dh
@ cb(e) = - 1
( ) Iwy w=1
@ Can easily extract this from our numerics




The metric on My ;

hhat(w1+i0)




The metric on My ;

Fi2n

F(e) = 2r <2 + 1d<b<)>)

de



The metric on M ;: conjectured asymptotics

27 (2 + 4Ko(e) — 2eKi(e)) ~ —8mloge
2
= 27 <2 + q2K0(2z—:))

s



Self similarity as ¢ — 0

//\\\\
. / /\\Q e=1
i 7 i
///“\X\
T 1/ 7 ™\
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@ Suggests Fs(w) ~ ef,(ew) for small £, where f, is fixed?
o Define £.(z) := e 1h.(c12)



Self similarity as ¢ — 0

w i X ¢=0.09

100




Self similarity as ¢ — 0
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Self similarity as ¢ — 0
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Self similarity as ¢ — 0

o, X £=0.09

3 o, 0:¢-007
g o +¢=005
e 3 e, 1¢=0.03

100




Self similarity as ¢ — 0

() = 221 L) w417
lw — 12eh(w) + |w + 1|2



Self similarity as ¢ — 0

() = 221 L) w417
lw — 12eh(w) + |w + 1|2

@ Subst }I\(W) = efz(ew)



Self similarity as ¢ — 0

2|z — e @) — |z 4 ]2
ez —ef2esf:(2) 4 |z 4 €2

(V2£)(2)

o Subst h(w) = cf.(ew)



Self similarity as ¢ — 0

2|z — e @) — |z 4 ]2

2
f‘
(V£)(2) €|z — el2eef(2) 4 |z + €2

o Subst h(w) = cf.(ew)

@ Take formal limit e — 0



Self similarity as ¢ — 0

(V2£)(2) = fi(2) —
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Self similarity as ¢ — 0
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@ Screened inhomogeneous Poisson equation, source —4 cosf/r



Self similarity as ¢ — 0

(V2£)(2) = fi(2) —

@ Subst F(W) =ef(ew)
@ Take formal limit ¢ — 0
@ Screened inhomogeneous Poisson equation, source —4 cosf/r

e Unique solution (decaying at infinity)

£(rei?) = %(1 ~ Ky (r)) cos 6



Self similarity as ¢ — 0

1 (x)




The metric on M7,

@ Predict, for small ¢,

~

4
h(wy + i0) = ef.(ewy) = Wl(l —ewy Ki(ew))

whence we extract predictions for eb(e), F(¢)

g% = F(E)(d€2 + €2d1/)2)

e Conjecture: F(g) ~ —8mloge ase — 0
@ My 1 is incomplete, with unbounded curvature




Vortex-antivortex pairs on S3

_ AR?dzdz _

o Regularized Taubes equation, (+)-vortex at z = +e:

- _12 Z_ 12
V2h 22wy W e w1
|lw — 1]2eh + |w + 12

@ Squared length of 9/0e
g(0/0e,0/02) = F(e) = 2« (29(5) + 1ﬂ'(5)>

where, again, Ble) = ebi(e,—e) = —

@ Again, can solve (TAUBES) numerically for € € (0, 1]
(e — 1/ is an isometry)



Vortex-antivortex pairs on S3

hhat

[
o/n

Note that 3(1) = —1 = lim._o ()



The planar limit R — oo

F/4R?




The metric on M; 1(S5?) = (52 x S?)\A

S0(3)

e g is SO(3)-invariant, kahler, and invariant under
(Z+7 Z_) = (Z_,Z+)
@ Every such metric takes the form

g = —Alie)(d52 + 5203) + A(e) <

1—-¢2 , 1+¢€,

1+ T 1=2%)
for some smooth decreasing A : (0,1] — R with A(1) = 0.
(Here o; are the usual left-invariant one-forms on SO(3))

@ Has finite total volume iff A is bounded

1
Vol(My 1) = — / A'Ade A 0123 = = (47)% lim A(e)?
(0,1]xSO(3) 4 e—0



The metric on M; 1(S5?) = (52 x S?)\A

@ For the vortex metric
4R? )
Ale) = 2 <1 5~ Ble) - 2R - 1>
@ Recall numerics suggest lim._o 3(¢) = —1, whence

Vol(My 1) = (27)? (47 R?)?

@ Coincides with the volume of configuration space of a pair of
distinct point particles of mass 27 moving on S,%
Conjecture: The L2 metric on M, 1(S3) is incomplete, with
unbounded curvature, and has finite total volume
(27)?(47R?)?



The volume of M, ,(5?)

o M, n(5?) = {disjoint pairs of n-divisors on S?} = (P"xP")\ A
o Consider gauged linear sigma model:
o fibre C?

o gauge group U(1) x U(l) (o1, 02) (€01 e 55)
e = 2z =+ [FI7 + |dze]” + [dav]
& 2 22, 1 2)2
+ 1(4— l1]° = |p2]?) +Z(2_ lo1]%)

e For any e > 0, has compact moduli space of (n, n)-vortices

Mn =P x P"

e Baptista found a formula for [w;2] of My, 4,(X)
e Can compute Vo/(l\/lr’,iﬁ,(Sz)) by evaluating [w;2] on P! x {p},
{p} x P!



The volume of M, ,(5?)

F2
Ee = 2/{{’ "4 1P+ g0l + ldagl?
52 2 2\2 1 2\2
+I(4—W’1\ — |2[) +Z(2—\901\ )

@ Take formal limit e — 0:
o |p1]* + [2]? = 4 pointwise
o A frozen out, fibre C collapses to 53/U( ) =P!
e E-L eqn for Ais algebraic: eliminate A from E.

1 ldu—iAul2 (1 —|u]?\?
Ex==[ |F?+4 +
2 P (e
where u = 1 /7
o Exactly our P! sigma model!




The volume of M, ,(5?)

@ Leads us to conjecture that

Vol (Myn(5%)) = lim Vol(Mp,(S5%) = W

@ More elaborate choice of linear model gives more general
conjecture:

(27T)n+

Vol(My, m(S%)) = (Vol(S?) — m(n — m))"(Vol(5?) + n(n — m))™

o Similar limit (Ck fibre, U(1) gauge — ungauged P*~! model)
studied rigorously by Chih-Chung Liu.



