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» Hermitian line bundle (L, h) over (X, g5 ), degree n
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7 > 0 a parameter

» Bogomolny bound: E > 77n, equality <
dap = 0 (V1)
1
Fa = S(r—loP)  (V2)

Solutions are called vortices
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The Bradlow bound

ao=0 (V1) xFa=(r—loP)  (V2)

> Bradlow bound: [¢(V2):

1 1
2mn = 57l = 5l
”¢Hi2 = 7|X|—4mn=:>0

» No solutions if 7|X| < 47n
> We'll be interested in limit € ™\, 0.
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The moduli space

Gap=0 (V1) xFa=(r—loP)  (V2)
M, = {solns (¢, A) of (V1), (V2)}/gauge group

e<0 e=0 e>0
M,=0| M,=T? | M,=Sym,%
» c=0: ¢ =0, xFa = 27wn/|Z|, constant

» &> 0: [(¢,A)] uniquely determined by the divisor (¢)

& Sym, ¥ =¥"/S,
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Why “vortices” ?

Dao=0 (V1) *Fa=s(r—loP)  (V2)
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The L? metric on M,

» Any curve of solutions (¢

t), A(t)) of (V1),(V2) defines a
tangent vector to M, at | ,

5(0) A, v say
> Length of v? Project (¢(0), A(0)) L? L gauge orbit through
(¢(0), A(0))

f\/—\

gi2(v,v) = | P(6(0), A(0)) 17

» Controls low energy vortex dynamics (Manton, Stuart):
» Classical dynamics +» geodesic flow in (M,, g;2)
» Quantum dynamics < Hy = %2A¢

» Kahler. [w;2] known explicitly (Baptista)

|M,| = 7;,;< f > ( 7 ) i\(4r)ien



The L? metric on M,

» Limit € — oo studied by Mundet i Riera & Romao and
(independently) Nagy (2017): vortices become pointlike, g
converges to product metric on ¥"/S,

P> We're interested in opposite limit, € — 0: vortices delocalize



The L? metric on M,

» Limit € — oo studied by Mundet i Riera & Romao and
(independently) Nagy (2017): vortices become pointlike, g
converges to product metric on ¥"/S,

P> We're interested in opposite limit, € — 0: vortices delocalize

> Restrict to special case ¥ = S2 (not necessarily round!)

n

el

‘Mn‘ =

n!



The L? metric on M,

» Limit € — oo studied by Mundet i Riera & Romao and
(independently) Nagy (2017): vortices become pointlike, g
converges to product metric on ¥"/S,

P> We're interested in opposite limit, € — 0: vortices delocalize

> Restrict to special case ¥ = S2 (not necessarily round!)

n

el

‘Mn‘: |
n:

» Rescale: g. = ¢ 1g;2, one parameter family of Kihler metrics
on M, of fixed volume



The L? metric on M,

» Limit € — oo studied by Mundet i Riera & Romao and
(independently) Nagy (2017): vortices become pointlike, g
converges to product metric on ¥"/S,

P> We're interested in opposite limit, € — 0: vortices delocalize

> Restrict to special case ¥ = S2 (not necessarily round!)

n

el

‘Mn‘ =

n!

» Rescale: g. = ¢ 1g;2, one parameter family of Kihler metrics
on M, of fixed volume

> M, =CP"
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» Baptista-Manton conjecture (2003):
Iimog8 = Fubini-Study metric
e—

& p(z) = apz" 4+ apz" 14 - -

+ an
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The conjecture

Choose and fix const curv connexion A on L
> Equip L with hol structure 9, = 03

v

HO(L)={¢p €T(L): 9z¢ =0} =C"*!

> S={¢ e HL): ¢l =1}, unit sphere
T:S— (P(HO(L))ngS)7 &;H {C(g}

grs defined s.t. 7 a Riem sub
f: My — P(H(L)), [(6,A)] = {¥ € H(L) : (¢) = (4)}
“The” Fubini-Study metric: go := f*grs

Baptista-Manton conjecture: IimogE =g
E—

vV vvyy

Surprising? Massive gain in symmetry
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The theorem

Theorem (JMS, RGL 2022) In the limit € \, 0, g. converges in co
topology to go.
More precisely:

There exists C > 0 such that, for all v € TM, and all € € (0,1)

|gE(V7 V) - gO(V’ V)| < ngo(vv V)
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The proof: “pseudovortices”

> Given divisor D, exists ¢ € S C HO(L) with (¢) = D
Unique up to gg»—> eic<$
> Pseudovortex: (1/2¢, A)
Satisfies (V1) vacuously. Satisfies [;-(V2)
» Baptista and Manton's idea: for small ¢, vortex with divisor D
should be well-approximated by pseudovortex with divisor D.
» Compute L2 metric on space of pseudovortices:
> A(t) = A constant,
> ¢(t) = \/d(t), moving orthogonal to Hopf fibration
Fubini-Study metric!

» How do we turn this intuition into a proof?
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The proof: “pseudovortices”

» Deform pseudovortex (\@B, /Z) to obtain true vortex with
same divisor:

(6,4) = (Vade", A~ = du)

for some smooth v : ¥ — R.

> Satisfies (V1) automatically
> Satisfies (V2) iff

3

+ |d2e" = 0.
2|

Au —

» Error in approx (¢, A) ~ (\/&Z, /2\\) is controlled by u
> Energy estimate, elliptic estimate, Sobolev =

|lul|co < Ce.

Vortices are uniformly well approximated by pseudovortices
(for small €)
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» Sobolev: [[ul|co < C||u||p2
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Unpacking that a little. ..

_ £
pa

+ elp?e = 0.

Au

> fluflco < C
» Bootstrap! ||ul|co < Ce

» Now estimate the metric. ..
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Convergence of spec A

» Spectrum of A on (M, g)

0=2Xo(g) < Ai(g) < X2(g) < A3(g) < -

» Corollary (JMS,RGL): There exists C > 0 such that, for all
keZ* andall e € (0,1/C),

(1—-Ce)" _ Mlee)
(1+ Ce)™ = Ae(&)

(14 Ce)"
(1— Ce)rtt”

<

» Spectrum of M, converges uniformly to spectrum of FS!

» Surprising this follows from only C° convergence!

s s,
— ol kK~
A £ <8x,-8Xj T 8xk>




Convergence of spec A

» Urakawa-Bando (1983): for any finite dimensional subspace
V C C®(M)

f1%
Ng(V) := sup { HdeHHZL f € V\{O}} .
12

Then
A(g) = inf{Ag(V) :dimV =k +1}

» Corollary easily follows



Open questions

Convergence of geodesics? Need g. — go in C!
Convergence of curvature? Need g. — go in C?
n-dependence of the bounds?

Leading correction to gp?

vVvyYyyvyy

Higher genus? Much more subtle (Manton, Romao)



