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The standard model

(mx 6m) +|H|—m-H}d2x
Ox;

£ = { Z‘@x,

- Eexch + EDMI + Epot

J.M. Speight (University of Leeds) 2



The standard model

1 om|?
£ = /R{az‘a—x

- Eexch + EDMI + Epot

J.M. Speight (University of Leeds) 2



Reduction of DMI
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Reduction of DMI

EDMI / Z d (m X 8_X) d2x.

i=1,2

e Rotate coordinate system:

X1 cosa —sina X1
X2 sina  cos X2
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Reduction of DMI

m _
Epmi :/ Z (m X 8_3?) d°*x.

e Rotate coordinate system:

X1 cosa —sina X1

X sina  cos« X

d; = Ryd]
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Reduction of DMI

Epmi = / :Z <mxf) d’x.

I

e Rotate coordinate system:
X1\ [ cosa —sina X1
X sina  cos X2

2d;-dy = (cos2a,sin2q)-(2d; - db, |di|? — |db]?),
|di> = |do)? = (cos2a,sin2a)-(|di|? — |do|?,2d; - db).

* d; = R;d
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Reduction of DMI

Epmi = /igj -(mx——)fz

I

e Rotate coordinate system:
X1\ [ cosa —sina X1
X sinae  cosa X

* di = R;d,
2d;-dy = (cos2a,sin2q)-(2dy - db, |di|? — |db]?),
|di> = |do)? = (cos2a,sin2a)-(|di|? — |do|?,2ds - db).

e Choose a s.t. dy - d» =0, |(71\2 = |£72|2 >0
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Reduction of DMI

EDM,:/ :Z -(mx—XI)d2>~<.

e Rotate coordinate system:
X1\ [ cosa —sina X1
% |  \ sina cosa X
* di = Rjd;

2dy -dr = (cos2a,sin2a) - (2dy - db, |dh|? — |db]?),
’d1’2 - |d2|2 = (cos2a,sin 2a) : (ldl‘2 - ‘d2‘2,2d1 : dz).

e Choose « s.t. Jl . Jz =0, |c71\2 = \t72|2 >0
e Can choose x length scale s.t. |di| =1
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Reduction of DMI

di L, |d|=1  |d|=b<1
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Reduction of DMI

d, | d, ‘d1|=1, |db| =b<1

e Exists S € SO(3) (unique if b # 0) s.t.

d{ = Sd; = (1,0,0), d) = Sd, = (0, b,0)
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Reduction of DMI

di Ldo, |di|=1  |do|=b<1

e Exists S € SO(3) (unique if b # 0) s.t.

d/ = Sd; = (1,0,0),  d=Sd,=(0,b,0)

E=/R2{ Z
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Reduction of DMI

di Ldo, |di|=1  |do|=b<1

e Exists S € SO(3) (unique if b # 0) s.t.

d/ = Sd; = (1,0,0),  d=Sd,=(0,b,0)

E=/R2{ Z
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Reduction of DMI

di Ldo, |di|=1  |do|=b<1

e Exists S € SO(3) (unique if b # 0) s.t.

d/ = Sd; = (1,0,0),  d=Sd,=(0,b,0)

E=/R2{ Z
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Reduction of DMI

di Ldo, |di|=1  |do|=b<1

e Exists S € SO(3) (unique if b # 0) s.t.

d/ = Sd; = (1,0,0),  d=Sd,=(0,b,0)

1 oSm
E_/Rz{EZ‘ 8X,'
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Reduction of DMI

di Ldo, |di|=1  |do|=b<1

e Exists S € SO(3) (unique if b # 0) s.t.

d/ = Sd; = (1,0,0),  d=Sd,=(0,b,0)

8x,

1

gae

where m' = Sm, H' = SH

/
+Zd’ ( X)+|H'|—m H’}d
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Reduction of DMI

° SO, WLOG d1 = (1,0,0), d2 = (0, b,O)
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Reduction of DMI

e So, WLOG d; =(1,0,0), d» = (0, b,0)
e WARNING: m, H oriented relative to plane spanned by di, db,
not the sample plane
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Reduction of DMI

e So, WLOG d; =(1,0,0), d» = (0, b,0)
e WARNING: m, H oriented relative to plane spanned by di, db,
not the sample plane
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Skyrmion lattices

E:/RZ{%|dm\2+§i:d,--(m><8;m)+]H|—m-H}d2x

e FM state m(x) = H, always a solution, £ = 0.
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Skyrmion lattices

E:/Rz{%|dm\2+§i:d,--(m><8;m)+]H|—m-H}d2x

e FM state m(x) = H, always a solution, £ = 0.
e If m(x) — H as |x| — oo, have degree

1
_471' R2

Q m - (Oym x 82m)d2x e
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Skyrmion lattices

E:/Rz{%|dm\2+§i:d,--(m><8;m)+]H|—m-H}d2x

e FM state m(x) = H, always a solution, £ = 0.

e If m(x) — H as |x| — oo, have degree

Q=i m - (0ym x 9ym)d*x € 7.
47 R2
e Can seek minimizers of E of fixed Q. Skyrmions Q = —1 (or

Q=+1)
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Skyrmion lattices

e Derrick scaling: m)y(x) = m(A\x)

E(A) = E(my) = Even(m) + ;EDM/(m) + %Epot(m).
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Skyrmion lattices

e Derrick scaling: m)y(x) = m(A\x)
1 1
E()\) = E(m)\) = Eexch(m) + XEDM/(m) + ﬁEpot(m)-

m critical = E/(].) =0= Epy = _2Epot <0
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Skyrmion lattices

e Derrick scaling: m)y(x) = m(A\x)
1

)\2 Epot(m).

E()\) = E(m)) = Eexen(m) + %EDM/("’) +

m critical = E/(].) =0= Epy = _2Epot <0
e Possible that E(Mskyrmion) < 0: skyrmion lattice can then
form spontaneously
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Skyrmion lattices: rank 17

e d; || d»: b= 0 after reduction

i 1
Eéxz:h =5 /]R2 |0im|*d*x, Epmi = /R2 e - (m x 9ym)d>x
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Skyrmion lattices: rank 17

e d; || d»: b= 0 after reduction

i 1
E(gx)ch =5 /Rz |0im|*d*x, Epmi = /R2 e - (m x 9ym)d>x

e Anisotropic Derrick scaling: my(x1, x2) = m(\x1, x2)

E(my) = MEY

exch

(m) +  EO(m) + Eow(m) + | Epee(m)
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Skyrmion lattices: rank 17

e d; || d»: b= 0 after reduction

i 1
E(gx)ch =5 /Rz |0im|*d*x, Epmi = /R2 e - (m x 9ym)d>x

e Anisotropic Derrick scaling: my(x1, x2) = m(\x1, x2)

1 1
E(my) = AEGQ(m) + 5 EO(m) + Epwr(m) + 3 Epot(m)
dE(m,\)

= D —E® _En=0

exch exch

A=1
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Skyrmion lattices: rank 17

e d; || d»: b= 0 after reduction

i 1
Eéx)ch =5 /Rz |0im|*d*x, Epmi = /Rz e - (m x 9ym)d>x

e Anisotropic Derrick scaling: my(x1, x2) = m(\x1, x2)

E(my) =
dE(m,\)

d\

A=1

J.M. Speight (University of Leeds)

1 1
)‘Eg():h(m) + XE(Z)(”’) + Epmi(m) + XEPOt(m)

D —E® _En=0

exch exch

B e D e

26 | 2Epot + Epmi

exch

262 >0
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Skyrmion lattices: rank 17

e d; || d»: b= 0 after reduction

£0)

exch —

1
= —/ |6,-m|2d2x, EDMI = / e (m X 81m)d2x
2 Jr2 R2

e Anisotropic Derrick scaling: my(x1, x2) = m(\x1, x2)

E(m,)

dE(m,\)

d\

A=1
E

1 1
)‘Eéit):h(m) + XE(Z)(”’) + Epmi(m) + XEPOt(m)

1 2
Echz‘h - Eéxz‘h - EPOt =0
S + ES)y + Eomi + Epor
2@ 4 2Epot + Epmi

exch

262 >0

EXCI
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Spiral phase

e Ground state for H = 07

1
m(xy, x2) = (0, cos xq, —sin xy), B ===
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Spiral phase

e Ground state for H = 07

1
m(xy, x2) = (0, cos xq, —sin xy), B ===
e Spiral phase: m ,neS, m(t+T)

i
<(go>:__1r/o {§|n'1|2+d(n)-(m><n'1)+|H|—H-m}<0

where d(n) = nidy + nad
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Spiral phase

e Ground state for H = 07

1
m(xy, x2) = (0, cos xq, —sin xy), B ===
e Spiral phase: m ,neS, m(t+T)

i
<(go>:__1r/o {§|n'1|2+d(n)-(m><n'1)+|H|—H-m}<0

where d(n) = nidy + nad
e Must exist for |[H| small

J.M. Speight (University of Leeds) 9



Spiral phase

e Domain #sp = {H € R3 : 3 spiral phase for Ey}
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Spiral phase

e Domain #sp = {H € R3 : 3 spiral phase for Ey}
e Nonempty: 0 € J5p
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Spiral phase

e Domain #sp = {H € R3 : 3 spiral phase for Ey}
e Nonempty: 0 € J5p
e Star shaped: H € #%p = sH € Jp for all s € [0, 1]
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Spiral phase

Domain #p = {H € R3 : 3 spiral phase for Ex}
Nonempty: 0 € J5p

Star shaped: H € J#sp = sH € J#p for all s € [0,1]
Inversion symmetric: H € J#sp = —H € J¢sp
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Spiral phase

Domain #p = {H € R3 : 3 spiral phase for Ex}
Nonempty: 0 € J5p

Star shaped: H € J#sp = sH € J#p for all s € [0,1]
Inversion symmetric: H € J#sp = —H € J¢sp

e Open
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Spiral phase

Domain #p = {H € R3 : 3 spiral phase for Ex}
Nonempty: 0 € J5p

Star shaped: H € J#sp = sH € J#p for all s € [0,1]
e Inversion symmetric: H € Jsp = —H € J5p

e Open
Bounded: #sp C B;1(0)

J.M. Speight (University of Leeds) 10



Spiral phase

e Forany m: S} — S% ne S, m(n- x) has

L I
T(&) = 5||m||2_(m><d(n),m)_|_§|H|||H_m”2
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Spiral phase

e Forany m: S} — S? ne S, m(n- x) has

1. O ST
T(&) = §||m||2_<m><d(n),m)+§|H|||H_m”2
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Spiral phase

e For any m:51T—>52, nc S, m(n-x) has

L. L1 .
T(&) = 5||m||2 — (m x d(n), ) + S|H||H - ml||?

T(6) = ol — (mo x d(n),rin)

(<) [ o[
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Spiral phase

e Forany m: S} — S2, ne S, m(n- x) has

1. S A
T(&) = §||m||2_<m><d(n),m)+§|H|||H_m”2
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Spiral phase

e Forany m: S} — S2, ne S, m(n- x) has

L U
T(&) = §||m||2_(m><d(n),m)_|_§|H|||H_m”2

1, 1
T(&) = Slmnll* = (mo x d(n), o) + 5 |H]||mo|*

1, . 1
> S lirmo||* — d(n)|[| o] [[rio]| + 5 [H]}mo]
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Spiral phase

e Forany m: St — S2 ne S, m(n- x) has

1 . . 1 A
T(&) = Sl = (m x d(n), rin) + | H|| H - m]?
1, . o1 )
T(&) = Slin]? — (mo x d(n), i) + 5 |H][lmo]
1, . . 1
>l — |d () mo] o] + | [mo] 2

= S]] — I [lmo)? + 2 (1H] — ld(m)]) o]
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Spiral phase

e Forany m: S} — S2 ne S, m(n- x) has

L o
T{&) = §”mH2_(m><d(n),m>+§|H|HH_m”2

1, . 1
T(&) = S| = (mo x d(n), rio) + 5 |H]||mo|*
1, . 1
> Slemo]|* — [d(m)[ [ mo] || rro]| + 5| H[rmo]

= (]l d(m) [ mo]lY> + S(1H] — [d(m)])mo]

Y

1
S(H| = 1)

J.M. Speight (University of Leeds) 11



Critical field Hsp(H) = sup{h: hH € #%p}

e Forallm:S] —+S2, ne S, TER, m(n-x/T) has

(€)= %II'hIIZT—2 + (d(n) x m,m) T~! + |H|(1 — (H, m))
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Critical field Hsp(H) = sup{h: hH € #%p}

e Forallm:S] —+S2, ne S, TER, m(n-x/T) has

(€)= %II'hIIzT_2 + (d(n) x m,m) T~! + |H|(1 — (H, m))

e Attains negative values for some T iff

(d(n) x m,ri)?
2l l[2(1 — (A, m))

|H| <
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Critical field Hsp(H) = sup{h: hH € #%p}

e Forallm:S] —+S2, ne S, TER, m(n-x/T) has

(€)= %II'hIIzT_2 + (d(n) x m,m) T~! + |H|(1 — (H, m))

e Attains negative values for some T iff

(d(n) x m,ri)?
2l l[2(1 — (A, m))

|H| <

e Hence

~ d(n) x m, m)?
Hsp(H) = sup <.( ) )
mn 2| i|2(1 — (A, m

)

J.M. Speight (University of Leeds) 12



Critical field Hsp(H) = sup{h: hH € #%p}

g (d(n) x m, )2
Hsp(H) = sup 2||m|[2(1 — (H, m))

e Any choice of m € C*(S},5?), n € S! gives a lower bound
on Hsp(H)
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Critical field Hsp(H) = sup{h: hH € #%p}

g (d(n) x m, )2
Hsp(H) = sup 2||m|[2(1 — (H, m))

e Any choice of m € C*(S},5?), n € S! gives a lower bound

on Hsp(H)
o m(t) = (0,cos2rt, —sin2rt), n = (1,0) = Hsp(H) > 1/2

J.M. Speight (University of Leeds) 13



Critical field Hsp(H) = sup{h: hH € #%p}

g (d(n) x m, )2
Hsp(H) = sup 2||m|[2(1 — (H, m))

e Any choice of m € C*(S},5?), n € S! gives a lower bound
on Hsp(H)

e m(t) = (0,cos2nt, —sin27t), n = (1,0) = Hsp(H) > 1/2

e m = conical spiral around A, optimized for n and apex angle
= Hsp(H) > A2 + bA2

_g
A i
/)
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Critical field Hsp(H) = sup{h: hH € #%p}

g (d(n) x m, )2
Hsp(H) = sup 2||m|[2(1 — (H, m))

e m = solution of pendulum equation in plane spanned by A
and N L H optimized over n and N, in limit period — oo

(A)> 71'2 (I\)2
Where

5(H)=max{d(n) -N:nec S' NeS> N.-H=0}
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Critical field Hsp(H) = sup{h: hH € #%p}

g (d(n) x m, )2
Hsp(H) = sup 2||m|[2(1 — (H, m))

e m = solution of pendulum equation in plane spanned by A
and N L H optimized over n and N, in limit period — oo
A 7'['2 A
Hsp() > T6(A1)

where

5(H)=max{d(n) -N:nec S' NeS> N.-H=0}

e Eg forb=1 6H)=1
J.M. Speight (University of Leeds) 14



Critical field

green dashed: pendulum bound, red dashed: conical bound

J.M. Speight (University of Leeds)
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Skyrmion lattices
i
L=|vi W
Ll

M=L"!

Y

»h-
>

LM € GL(2,R)

\4

o Assume m : R?> — S? is periodic w.r.t. lattice A generated by
Vi, V2

m(x + mvi + mvy) = m(x)

for all (ny, o) € Z2.
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Skyrmion lattices

i
L=|vi W

Ll

5 r >
M=L"!

Y

»h-
>

LM € GL2,R) v >

A 4

o Assume m : R?> — S? is periodic w.r.t. lattice A generated by
Vi, V2

m(x + mvi + mvy) = m(x)
for all (ny, o) € Z2.
e It lives on torus Qp = R?/A

J.M. Speight (University of Leeds) 16



Skyrmion lattices
: Y
L

M=L"!

2
QD

»h-
>

»h-
»
3

LM € GL(2,R)

V1

A\ 4

e Energy per unit area is

1 1 om
(&) = m/ﬂ/\ {§|dm\2+2d,- - (m x 8_x,)+ V(m)} d*x

J.M. Speight (University of Leeds) 17



Skyrmion lattices

T
L=|v »
Lol

M=L"!

»
»

2
QD

»h-
>
>

»h-

LM € GL(2,R)

A\ 4

e Energy per unit area is

1 1 om
(&) = m/ﬂ/\ {§|dm\2+2d,-~(m X —X)+ V(m)}dzx

e Define new coords Xi, Xo,

x =Xy + Xovm = LX
J.M. Speight (University of Leeds)
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Skyrmion lattices

- Tt
L=|vi W
Lo

M=L"!

LM € GL(2,R)

“
»»
R

V1

\4

(&) = %tr(MTG(m)M)Hr(@(m)MHC(m)

om Om
Gim) = [ 0. MM oxidx
(m) 0 dX; ax; P
Zi(m) = af,-./mxg—)'?a/xldx2
o y

C) = /D V(m)dX, dXo

J.M. Speight (University of Leeds) 18



Skyrmion lattices

e Switch viewpoint: m is a field on the fixed torus
Qn = R?/Z2, but it minimizes a functional that depends
parametrically on M € GL(2,R) (the lattice geometry)

J.M. Speight (University of Leeds) 19



Skyrmion lattices

e Switch viewpoint: m is a field on the fixed torus
Qn = R?/Z2, but it minimizes a functional that depends
parametrically on M € GL(2,R) (the lattice geometry)

e Optimal lattice minimizes (&) with respect to both m and M!

J.M. Speight (University of Leeds) 19



Skyrmion lattices: optimizing the period lattice

e Fixm: Qn — S?

(&) = %tr(MTGM) +tr(ZM) + C

J.M. Speight (University of Leeds) 20



Skyrmion lattices: optimizing the period lattice

e Fixm: Qn — S?
1

(&) =35 tr(MT GM) + tr(2M) + C

attains global min at

M,=-G 19T
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Skyrmion lattices: optimizing the period lattice

e Fixm: Qn — S?
1

(&) =35 tr(MT GM) + tr(2M) + C

attains global min at

M,=-G 19T

e G symmetric pos def (if Q # 0), certainly invertible
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Skyrmion lattices: optimizing the period lattice

e Fixm: Qn — S?
1
(&) =35 tr(MT GM) + tr(2M) + C

attains global min at

M,=-G 19T

e G symmetric pos def (if Q # 0), certainly invertible
e det M, =detZ/det G =0 if Z not invertible!

e b#£0: detZ #0 for a.e. m

e b=0: detZ = 0 for a.e. m [no stable lattices for rank 1]
o detM, <0ifdetZ <0
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Skyrmion lattices: optimizing the period lattice

e Fixm: Qn — S?
(&) = %tr(MTGM) +tr(2M) + C

attains global min at

M,=-G 19T

e G symmetric pos def (if Q # 0), certainly invertible
e det M, =detZ/det G =0 if Z not invertible!

e b#£0: detZ #0 for a.e. m

e b=0: detZ = 0 for a.e. m [no stable lattices for rank 1]
o detM, <0ifdetZ <0

e diffeo flips orientation, Q — —Q@Q

e Feature not bug!

J.M. Speight (University of Leeds) 20



Skyrmion lattices: optimizing the field

e Fix M € GL(2,R)
(&) : C*(Q, S?) = R.
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Skyrmion lattices: optimizing the field

e Fix M € GL(2,R)
(&) : C*(Q, S?) = R.

e Minimize by arrested Newton flow
m= —grasz(g’)

m(0) some initial guess, m(0) =0
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Skyrmion lattices: optimizing the field

e Fix M € GL(2,R)
(&) : C*(Q, S?) = R.

e Minimize by arrested Newton flow
m= —grasz(g’)

m(0) some initial guess, m(0) =0
e Arrest (set m(t) = 0) if

(Ih(t), grad;» <é‘)>>l_2 >0
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Skyrmion lattices: optimizing the field

e Fix M € GL(2,R)
(&) : C*(Q, S?) = R.

e Minimize by arrested Newton flow
m= —grasz(g’)

m(0) some initial guess, m(0) =0
e Arrest (set m(t) = 0) if

(Ih(t), grad;» <é‘)>>l_2 >0

e Continue until || grad;2(&)|co < tol

J.M. Speight (University of Leeds) 21



Skyrmion lattices: optimizing the field

/BN
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Skyrmion lattices: optimizing the field

Gradient flow: m = —grad E

J.M. Speight (University of Leeds)
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Skyrmion lattices: optimizing the field

Gradient flow: m = —grad E
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Skyrmion lattices: optimizing the field

N
Arrested Newton flow: n1 = —grad E
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Skyrmion lattices: optimizing the field

N
Arrested Newton flow: m = —grad E

J.M. Speight (University of Leeds) 22



Skyrmion lattices: alternate
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Skyrmion lattices: alternate

@08 x
Newdon )tm

R —

C G )

J.M. Speight (University of Leeds) 23



Skyrmion lattices: alternate

@08 x

J.M. Speight (University of Leeds) 23



Skyrmion lattices: alternate

@08 x

C G )

J.M. Speight (University of Leeds) 23



Skyrmion lattices: alternate
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Skyrmion lattices: alternate
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Skyrmion lattices: b=1
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Skyrmion lattices: b=1
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Skyrmion lattices: b = 0.8
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Skyrmion lattices: b =
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Skyrmion lattices: b
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Skyrmion lattices: b
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Skyrmion lattices: b = 0.8
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Skyrmion lattices: b = 0.8
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Skyrmion lattices: b =
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Skyrmion lattices: b =
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Conclusions

e Can reduce most general DMI term to a 1 parameter family,
parametrized by b € [0, 1]

2 [P+ — V([ — [do") + (2d: - )
di? + |do]? + \/(|dh]? — |da]?)? + (2d, - db)?

b =1 standard, b =0 rank 1
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Conclusions

e Can reduce most general DMI term to a 1 parameter family,
parametrized by b € [0, 1]

2 [P+ — V([ — [do") + (2d: - )
|di|2 + [da]2 + /(dh|2 — |da[?)2 + (2dh - )2

b =1 standard, b =0 rank 1
At low |H|, ground state is a spiral phase

Spiral phase domain depends nontrivially on b

Minimal model with b < b, ~ 0.75 never (i.e. for no H) has
skyrmion lattice as ground state

Minimal model with H to close to the {di, d>} plane never
(i.e. for no b) has skyrmion lattice as ground state
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Conclusions

e Skyrmion lattices (when they exist) always have @ = +1 per
unit cell
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Conclusions

e Skyrmion lattices (when they exist) always have @ = +1 per
unit cell

e Cell geometry gets distorted if H not perpendicular to
{dy, d>} plane, but nothing really weird happens.
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Open questions

e Could skyrmion lattices have technological applications? Is the
ability to manipulate their geometry by changing H useful?

e Can we prove existence of skyrmion lattices?

J.M. Speight (University of Leeds) 38



