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Ginzburg-Landau Theory
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@ = Flux quantization:
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r r
—d"+=3d —(n—a)® = 0

e BCs: 0(0) = a(0) =0, o(c0) = u:=+/a/B, a(c0) = n

@ Shooting method



o u=+/a/f=1"1¢1=2/a

crit;

dr

o
P
~

o f:R* - R* (c,d,q, m) — mismatch in 0,0',a,a
e Solve f(c,d,q,m)=(0,0,0,0) via Newton Raphson



Vortices

L Higgs

Gauge potential

0, n=1

n=ME=2/B (= v2xa)



F/n




Vortices: interaction potential

Eine = min{F (¢, A) : ¢(0,0) = ¢(s,0) = 0}




Intervortex forces

Lamma = 300D — LFuF* — 2 ([ — /B

D, =8, — Ay, p=0,1,2
Fu = 0uA, — 0,A, Fi12 =B
Static model = GL

Vortices are topological solitons

Can boost them, scatter etc.



Intervortex forces

e Unwind vortex (fix gauge s.t. 1 real)

b=0(r), (A% A)=(0,r"Y(a(r) - 1)d)
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@ At large r, AH vortex is indistinguishable from a point particle
in massive uncoupled Klein-Gordon-Proca theory (scalar boson
mass £ 1, photon mass A~1) carrying

e scalar monopole charge g
e magnetic dipole moment m




Intervortex forces

@ At large r, AH vortex is indistinguishable from a point particle
in massive uncoupled Klein-Gordon-Proca theory (scalar boson
mass £ 1, photon mass A1) carrying

e scalar monopole charge g
e magnetic dipole moment m

Recall these are coefficients used in our shooting scheme!
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Intervortex forces

@ Deep principle / leap of faith:
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Intervortex forces

@ Deep principle / leap of faith:
PHYSICS IS MODEL INDEPENDENT!

//}\/” fx\

1
Eine = o [—q°Ko(s/€) + m*Ko(s/)N)]
Repulsive (at large s) if A > &, attractive if A < £ (vanishes

identically if A =¢)




Intervortex forces

Ene = 5 [mKo(s/) — aKo(s/<)]




Magnetic response

6= [ {3ID0r+ v+ y& - w2} =rF-n [ B

o Compare
o normal state (¢» =0, B = H)
o Meissner state (¢ = u, B =0)
e vortex

® Gyortex = Fuortex — 2mH, Gpjeissner = 0

F vortex

2w

Hcl =

@ Bnormal = V(O) - %H2, EMeissner = 0

H. = 2,/V(0)



Magnetic response

G:F—ﬂ/B
R2

@ Normal state is linearly stable <= lowest eigenvalue of
(V — iAp)?

exceeds |V"(0)], i.e. H> |V"(0)] = He2
o Typel, £ > A\ Ho < Hep < Hep
o Typell, £ < X\ Ho1 < H: < Heo



Magnetic response

M = (B — H)

Type-1 Type-2

Hc1 Hc Hc2 |-|'

Iv

Hc



Two-component GL theory

1 1 1
F:/R2{2D1/11’2+2\D¢22+ V(¢17¢2)+232}

Wide range of possibilities for V

°® Vsimple = > a(—aaltal® + %|¢a|4)

° V= Vsimple + F(11p2 + 1))

® Vhassive band = —afi | + %|¢1|4+042W2\2
All have

@ min at (¢1,1/}2) = (Ul, U2) 75 (0,0)
o F < oo implies (1,12) ~ (u1, uz)e’™, A~ Vy, hence flux
quantization

~

e vortices 1, = 0,(r)e"?, A= r—ta(r)f



Vortex asymptotics
Lanm = }ZWD’% e V(4h1, 12)
AHM 5 - n¥a a 4 [17% )

@ Unwind vortex, linearize about vacuum: 1, = u, + 1, real,
L"/in:% Za 8u$a8l‘$a_% Za,b @a%b&b_%FquMV"‘%(U%*‘U%)AHAM

where
92V

Ay = —
® T 01| 0lis]

(u1,u2)

@ In general, 12172 are directly coupled (.77 isn't diagonal). Let
A have eigenvalues §i_2, eigenvectors v;,

1
~ = X1V1+ X2w2
( P2



Vortex asymptotics

1 _ 1 , 1
> Z (8uXaa'LLXa =& 2X§) - ZFMVFH + E(U% + “%)AMAH

a

Lijin =

@ Pair of uncoupled Klein-Gordon fields of masses 5{1, 5{1,

Proca field of mass A™! = |/u? + u3.

@ vortex looks (at large r) like solution of
Liin + p1x1 + p2x2 — Ju A" with sources

pa=as0(x), (/%) = (0, —mk x V 4(x))

Again, (g1, g2, m) are shooting parameters, can be found
numerically.
e Same trick / leap of faith

Eine = 5 [m2Kol(s/) — diKols/6) — BKo(s/€2)]



Vortex interactions

Eine = — [m*Ko(s/\) — qi Ko(s/&1) — g5 Ko(s/&2)]

1
27
@ Now have three fundamental length scales in vortex

asymptotics: A, &1, &

@ Interesting (and not uncommon) possibility: {1 < A < &

@ Long range intervortex force dominated by scalar attraction,
mediated by x1

@ Naive guess: maybe at short range, magnetic repulsion
dominates?

@ Answer by computing E;,; numerically



Non-monotonic vortex interaction: simple model

B B
V= —anliaf + Sl = aalial® + 5[4

r=1, g RP=112"7 g 2% =2

o 1 2 3 4 5 6 7 8 9 10
vortex separation

[Babaev, JMS, PRB72 (2005) 180502



Non-monotonic vortex interaction: passive band case

1 _
V= 2(al — 1 altol + 2 ual* + nRe(rva)
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Non-monotonic vortex interaction: gradient coupling

v o—
F— F— E(Dﬂ/}lDi’(/Jz + C.C)
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Type 1.5: magnetic response

G:F—H/ B
R2

Vortices have binding energy: % decreasing function of n
He # Fi/2m

Gp-vortex = Fn — 2nmH, Gppeissner = 0.
F
Het = lim o/
n—o0 T

As H / H.1 a huge clump of flux penetration becomes
energetically favourable

1st order phase transition, like type |

But favoured penetrating state is a lattice of vortices (like
type Il) with a fixed preferred vortex separation (unlike type II)
As H increases further, vortex lattice gets squeezed, vortex
density grows continuously, so magnetization declines
continuously (like type II)



Type 1.5: magnetic response

e Eventually reach Hc,
Hc> = | min{eigenvalues of |y, —y,~0}|

after which normal state is linearly stable.

Type-1.5

M = (B — H)

He2 H

Signature: semi-Meissner state - macroscopic clumps of vortex
lattice, with fixed lattice spacing, in a sea of Meissner state.



Type 1.5: experimental observations

MgBs at H=15 Oe and T = 4.2 K, imaged by Bitter decoration

[Moshchalkov et al, PRL102 (2009) 117001]



Type 1.5: experimental observations

SroRuQ4, muon spin rotation measurements
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A menagerie of topological solitons

o Fractional flux vortices: 11 = o1(r)e’, 1 = oa(r)

/ g _ 2mu?
R2 u% + u%

@ o,(r), B(r) power law localized, magnetic flux reversal. (N.B.
these have divergent energy)
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A menagerie of topological solitons

@ Skyrmions: penalize coincident vanishing of 1,1,
= [t : 9] : R? - CP' = §?

Topological charge n = (4m)~ fR2 - (O1p X Oap), ® =27n

@ These excite relative phase mode 01 — 6, (where

ha = |wa‘ei93)

@ scalar dipole moment, extra “coherence” length. Can get long
range orientation dependent attraction deep in naively type Il
regime



A menagerie of topological solitons

e CP*~1 skyrmions: penalize coincident vanishing of

1,02, Pk

p=[b1:gn: ] i RZ 5 CPY p=(w],

e Topological charge n = (47)~! fR2 P wepk-1, ¢ =27mn

@ Domain walls: arise when V has (at least) two gauge
inequivalent vacua

@ Bound states of domain walls and vortices etc. etc.

Do any of these exist in real superconductors?



