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The model

X=5%G=UQ1), umn)=e-n—r
P, principal G-bundle over X

Connexion A on P, section n of PX

E0.A) = 5 [ (dan + [Faf® + u(m)P)

Vortex equations

(V1): 9an=0, (V2):  xFa=tu(n)

@ General fact: solutions (if they exist) minimize E in their
homotopy class



The model

Canonical sections n.(p) =e, n_(p) = —e
Topological invariants: ki = f(n(X),nL(X))
Assume ky > k_ >0
deg P = ki — k_
E(n,A) > 27(1 — 1)k +27(1 + 7)k_
with equality iff (V1),(V2)
o (+)-vortices located at n~1(e), mass 27(1 — 7)
o (—)-vortices located at n=*(—e), mass 27(1 + 7)

e “Bradlow” bound
FA = n— 7’)

(ke — k) = /(e n_r)<(1-7)5]



Existence of vortices

Theorem (Sibner, Sibner, Yang 2000; RG 2019):

Assume |X| > 27(ky — k—)/(1 — 7). Then for each pair D;, D_ of
disjoint effective divisors on ¥ there exists a unique (up to gauge)
solution of (V1),(V2) with n~1(+e) = D.. This solution is
smooth. If all vortex positions are distinct (all elements of Dy have
multiplicity 1), the solution depends smoothly on the vortex
positions also.

@ Moduli space of vortices
My, k_(E) = [Sym*+(E) x Sym* ()\Apar
o Noncompact complex mfd, dim ki + k_



Existence of vortices

e Key idea in proof: trade (V1),(V2) for “Taubes” equation

l1—e-
u=log (H::) 1 ¥ — [—00, o0]

Azu+2<e +1 >+47r YooY bg| =0

peD qgeD_

@ Regularize
@ Green's function: (X x X)\A — R, (p,x) — Gp(x)

e smooth

o Go(x) = Ge(p)

o [G,=0

o AsG, =4, |T|

o In a nbhd of p, Gy(x) = —(27) L log d(p, x) + smooth
b = _47T(Zp€D+ Gp — quD_ GCI)
eu=v+h



Existence of vortices

Ash+F(v+h) —C =0

Co=4n|Z| Yk —k)>0
F(t) = 2(tanh £ + 7).

e "Bradlow" bound implies F(—o0) < Gy < F(o0)
HY(Z)=x(Z)®R

o Given h € X, there exists unique ¢ € R s.t.

Je(F(v+h+c)—G)=0
o X =R, hs c(h) is weakly cts
o Apply Leray-Schauderto 7 : X — X, hs H,

AsH+F(v+h+c(h)— G =0

Smoothness: bootstrap

Uniqueness: max principle/monotonicity of F

Parametric smoothness: IFT



The L? metric on M, (¥)

e Curve ¢(t) = (n(t),A(t)) of solns of (V1),(V2)
o Project (n(0), A(0)) L2 L gauge orbit through (n(0), A(0))
[Physics: E = %A satisfies Gauss's law]

o 1€0)]12 = J5 (1aO) + [A(O)I?)

@ Defines a Riemannian metric g on My, , (X). Very natural:

o Kahler

o Geodesic flow on (M, « (X), g) <+ low energy dynamics of
vortices

e Quantum dynamics of vortices: i0;¢ = 5057

o Statistical mechanics of vortices: Vo/(Mk+ k&) in large
ke, k_ limit



The L? metric on M, (¥)

@ How does one compute g in practice?
o Cover (almost all) X with a coordinate patch
o Consider collection of time dependent vortex trajectories
(Zl(t)7 .. ,Zk7+k+(t))
o Construct (n(t), A(t)), project
o Compute fz(|"(0)|2 + |A(0)]?).
o Absolutely hopeless

@ Amazing fact: fz localizes around vortex positions



The L? metric on M, (¥)

@ T Zk++k*\C — Mk+7k7(2)
Thm(NR, JMS 2018)

ks KAk
mrwpe =27(1 —71) Z priwy +2m(1+7) Z priws + imOb
r=1 r=ks+1

where b =>"_b,dz, and b.(z1,..., 2k 4, ) are defined by

b b
i“(z):|0g‘2—2r|2+ar+§r(f—z,)+é(z—z,)+---

@ “Strachan-Samols” localization: gives g almost explicitly on
complement of coincidence set

@ Moral: to compute g we only need to know how e - n (equiv.
u, equiv. h) behaves in a nbhd of vortex positions

In particular: how does dh at z, depend on (z1,..., 2k 44, )?



Volume of My 1(S3)

o M171(Z) =Y X Z\A
wpz = 27(1 — 7wy + 27m(1 4 T)wy + iTOb
b == b+df+ + bdeT

Thm(NR, JMS 2018, RG, JMS 2019)
Vol(My1(S3)) = 2r(1 — 7)|S3| x 27(1 + 7)|S3|
Proof: symmetry, c 1_ g2
wpe = A'(e)de/\03+A(s)01/\az+m (1—1—526]5 No1—ear A O'3>

o Vol = 4n?lim._ A(g) — c?r2



Volume of My 1(S3)

localization formula = A(e) in terms of by (e, —¢)

it's enough to show |dh.| < C as ¢ — 0.

So we need to understand solution h. of
Ash. + F(ve + h:) =0

where v. = —271(G. — G_.) in coalescing limit, ¢ — 0.

Naively: v. — 0 pointwise, suggests h. — hg where
Azho + F(ho) =0

Max principle, monotonicity = hg = ¢, = F~%(0)



Coalescing vortices

Thm(RG, JMS 2019) On any %, ||h. — ci|[c1 =+ 0 ase — 0.
Proof: h: = h: + ¢

® Ash. = —F(v.+ h.+¢) = ||[Ash.|2 < C

o SEE = ||he||pe < C

Sobolev = ||he||co < C

[ F(vet+he+c)=0=|c| < C
Alaoglu/Rellich-Kondrachov/Bolzano-Weierstrass:

h. — H in H2, h. — h' in H', c. — ¢

v. = 0in L2, MVT = F(v. + h. + ¢.) = F(W + ¢)
h weak soln of Ayh' + F(h + ') =0

Max principle = b =0, ¢’ = ¢,



Coalescing vortices

Thm(RG, JMS 2019) On any X, ||h: — ci||ct =+ 0 as e — 0.
Proof cont:

o h. = 0in H!, c. — c.. MVT

|F(ve + he + ¢.) — F(c.)| < 2|ve + he + ¢ — ¢
= [Ashelliz <2(|vellz + [[hellz + e —e = ) = 0

o SEE ||h||12 — 0, Sobolev ||hz||co — 0
e Calderon-Zygmund: ||fHL§ < C(||Asfl|e + |Ifle)
o LDCT = forall p>2

lhells — 0

e Sobolev = ||| c1 — 0. O



Coalescing vortices

Asp. + F/(VE + hE)P& = _F,(Va + ha)aaVa

Lax-Milgram gives estimate for ||pc|/y1 - ..
e Thm(RG, JMS 2019) ||p.||ys < C/e

e Cor(NR, JMS 2018, RG, JMS 2019)
(M11(X), g) is geodesically incomplete



Compactification of My, x (X)

[Sym*" (£) x Sym* (£)\Ape = Sym*" () x Sym*~ (%)

@ Can we extend g smoothly to R.H. mfd? No!

o Identify R.H. mfd as moduli space of vortices in a linear
gauged sigma model

o X =C2? G=T? gr.=db?/e® + db3

()\1,)\2) . (XJF,X,) — ()\1)\2X+, )\1X,)

@ Moment map
1

X, X2) = 54— X |2 = X2 [%)

1
p(Xe X) = S2=2r = 1X,P)



Compactification of My, x (X)

@ Vortex equations

87‘<pi = 0 (1)
e? 2 2
xFa, = 3(4 28 e 20 (2)
1
*Fa, = 1—7— §|<P+|2 (3)

@ Provided ky > k_ > max{0,2genus(¥X) — 2} and a Bradlow
bound is satisfied

Mlgif, (X) = Symk+(2) x Sym*=(X)

o One-parameter family of metrics g, on Symk' (L) x Sym*~(X)

@ .*g.: one-parameter family of metrics on M, , (X)



Compactification of My, x (X)

Conjecture(NR, JMS 2018) 1*g. converges uniformly to g (the L2
metric on My, x (X)) as e — oo.

@ Motivation: forgetful map
T: (per o A A2) i ([ o-], Az) globalizes

[(PY) x o/ (P) — T(PE') x o/(P2)

Formally a Riemannian submersion
e For fixed pair of (disjoint) divisors, apply to (5, ¢, Af, AS)
solution of vortex equations
o Dac[pS : ¢°] = 0 automatically — solves (V1)
o Expect [p% ]2+ [p%|> =4+ O(e™?)
RSPl P i
o Then xfas = 7“/;%'2“@6_'2 — 74 0(e™?)

o So ([¢% : ¢°],As) solves (V2) up to an error of order e~2

e Similar conjecture for ungauged maps ¥ — P"~! and U(1)
vortices with X = C" proved by Liu



Testing the conjecture

@ Conjecture implies
. 2
Vol (M, 4_ (%), 8) = lime_00 VOI(M,_ % (%, &)
@ Using ideas of Baptista, can write down Kahler class of MC?
exactly

e Computing

PR
we++

Vol(M® :/ e
ol(M™8)= | 2 ke 71

reduces to an exercise in understanding the cohomology ring
of MC* = Sym*" () x Symk- (%)



Testing the conjecture

Thm (NR, JMS 2019)

(2r 2ka0 R

2,e £ gl(g
Vol (MEH;( ) Z ( 1€€| H Z(J —E _Jo) (k _JU)

(=0 o==%j,
where
Jy = 27(1—1)|Z| —4ri(ky — k),
Jo = 2r(1+7)|X| - 4n2e %k + 4nP(ky — ko),
K+ = 4-71'2,

K. = 4n%(1+4e72?).



Testing the conjecture

@ So the conjecture implies

27T )2 koo jr
Vol (Mg, «_( Z el égl H Z (g — Jjo) (ko —Jo)!
where
Jp = 2n(l-7)|E] - 4n (ks — ko),
Jo o= 2n(1 4 7)|Z) 4 4n3(ky — ko),
2

Ky = 4n

e This is consistent with Vo/(M; 1(S3)).

o Also checked (RG) My, o(S3), Mok (S3)

@ No cases with genus(g) > 0 have been checked. Note that
the conjecture implies

Vol(My1(X)) # 2n(1 — 7)|X| x 2n(1 + 7)|X|

when g =1



Testing the conjecture

@ Can also compute Einstein-Hilbert action of ij’fi(Z)
explicitly.
e Get conjectures for EH of My, , (X).

@ None of these have been checked.



