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Plan



Plain vanilla vortices

E =
1

2

∫
R2

|(d − iA)ϕ|2 + |dA|2 +
λ

4
(1− |ϕ|2)2

n = degree of ϕ∞ : S1
∞ → S1 ⊂ C.

Large r : ϕ ∼ e iχ, Dϕ ∼ 0 =⇒∫
R2

B =

∮
S1
∞

A =

∮
S1
∞

dχ = 2πn

λ > 1 vortices repel, λ < 1 vortices attract.
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The Bogomol’nyi argument λ = 1

0 ≤ 1

2

∫
R2

|D1ϕ+ iD2ϕ|2 + (∗B − 1

2
(1− |ϕ|2))2

= E +
1

2

∫
R2

i(∂1(ϕD2ϕ)− ∂2(ϕD1ϕ))− ∗B

= E − πn

So E ≥ πn with equality iff

D1ϕ+ iD2ϕ = 0 (BOG1)

∗B =
1

2
(1− |ϕ|2) (BOG2)

First order system for (ϕ,A)
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Taubes’s Theorem

For each unordered collection of points z1, z2, . . . , zn ∈ C ≡ R2

(with repeats allowed) there exists a unique (up to gauge) solution
of (BOG1,2) with ϕ = 0 at precisely the points z1, . . . , zn.

P(z) = (z − z1)(z − z2) · · · (z − zn)

= zn + a1z
n−1 + a2z

n−2 + · · ·+ an

↔ (a1, a2, . . . , an) ∈ Cn

Mn = Cn
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Huge generalization

Principal G bundle P → Σ2, connexion A

Hamiltonian G action on X kähler, moment map µ : X → g

Section ϕ of P ×G X

E =
1

2
‖dAϕ‖2 +

1

2
‖FA‖2 +

1

2
‖µ ◦ ϕ‖2

Minimized when ∂Aϕ = 0, ∗FA = µ ◦ ϕ
“Equivariant Gromov-Witten Theory”

Noncompact moduli spaces, compactification/completion

Vanilla version: G = U(1), X = C, µ(z) = 1
2 (1− |z |2)

A bit too simple...
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P1 vortices

P1 variant: G = U(1), X = S2 ⊂ R3, µ(n) = e · n

n : R2 → S2 ⊂ R3, Dn = dn− Ae× n

E =
1

2

∫
R2

(
|Dn|2 + |B|2 + (e · n)2

)
As r →∞, e · n→ 0 and Dn→ 0

If n = deg n∞ = 1, two ways to close off the cap:n± = number signed preimages of ±e
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(Anti)vortices



Bogomol’nyi argument

E ≥ 2π(n+ + n−)

with equality iff

D1n + n× D2n = 0, (BOG1)

∗B = e · n (BOG2)

n+ = number of vortices (located where n = e)

n− = number of antivortices (located where n = −e)



The Taubes equation

u =
n1 + in2

1 + n3
, h = log |u|2

h finite except at ± vortices, h = ±∞. h→ 0 as r →∞.

BOG1 ⇒ Az̄ = −i ∂z̄u
u

Eliminate A from BOG2

∇2h − 2 tanh
h

2
=

vortices at z+
r , antivortices at z−r
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The Taubes equation

Theorem (Yang, 1999): For each pair of disjoint effective
divisors [z+

1 , . . . , z
+
n+

], [z−1 , . . . , z
−
n− ] there exists a unique

solution of (TAUBES), and hence a unique (up to gauge)
solution of (BOG1), (BOG2).

Moduli space of vortices: Mn+,n− ≡ (Cn+ × Cn−)\∆n+,n−
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Solving the (1,1) Taubes equation (numerically)

∇2h − 2 tanh
h

2
= 4π (δ(z − ε)− δ(z + ε))

Regularize: h = log
(
|z−ε|2
|z+ε|2

)
+ ĥ

∇2ĥ − 2
|z − ε|2ebh − |z + ε|2

|z − ε|2ebh + |z + ε|2
= 0

Rescale: z =: εw

∇2
w ĥ − 2ε2 |w − 1|2ebh − |w + 1|2

|w − 1|2ebh + |w + 1|2
= 0

Solve with b.c. ĥ(∞) = 0
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Solving the (1,1) Taubes equation (numerically)

∇2h − 2 tanh
h

2
= 4π (δ(z − ε)− δ(z + ε))

Regularize: h = log
(
|z−ε|2
|z+ε|2

)
+ ĥ
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1−1

−vortex +vortex

w
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2
w

F (ĥij) = 0, solve with Newton-Raphson
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(1,1) vortices
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Vortex dynamics

S =

∫
(T − E )dt, T =

1

2

∫
R2

|ṅ|2 + |Ȧ|2

Adiabatic approximation: assume (n(t),A(t)) ∈ Mn+,n− for all
time

S =

∫
(T − 2π(n+ + n−)) dt

Geodesic motion in Mn+,n− w.r.t. the L2 metric.
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Strachan-Samols localization

Consider a curve in Mn+,n− along which all vortex positions
z±r (t) remain distinct

Let u =: exp( 1
2h + iχ) and u̇ =: uη, so η = 1

2 ḣ + i χ̇

ḣ satisfies linearized (TAUBES)

χ̇ determined by condition (ṅ, Ȧ) ⊥L2 gauge orbit

∇2η − sech2 h

2
η = 4π

(∑
r

ż+
r δ(z − z+

r )−
∑

r

ż−r δ(z − z−r )

)

whence

η =
∑

r

ż+
r

∂h

∂z+
r

+
∑

r

ż−r
∂h

∂z−r

η is a very good way to characterize (ṅ, Ȧ). Why?
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2 ḣ + i χ̇
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ż−r
∂h

∂z−r

η is a very good way to characterize (ṅ, Ȧ). Why?
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ḣ satisfies linearized (TAUBES)

χ̇ determined by condition (ṅ, Ȧ) ⊥L2 gauge orbit
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∫
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(1 + |u|2)2
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Strachan-Samols localization

T = π

{∑
r

|żr |2 +
∑
r ,s

∂bs

∂zr
żr ˙̄zs

}
where sums over all (anti)vortex positions and, in a nbhd of z±s ,

h = ±
{

log |z − z±s |2 + as +
1

2
b̄s(z − z±s ) +

1

2
bs(z̄ − z̄±s ) + · · ·

}

T real =⇒ g hermitian, in fact kähler

Can compute g if we know br (z+
1 , . . . , z

−
n−)
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The metric on M1,1

M1,1 = (C× C)\∆ = Ccom × C×

M0
1,1 = C×

g0 = 2π

(
2 +

1

ε

d

dε
(εb(ε))

)
(dε2 + ε2dψ2)

where b(ε) = b+(ε,−ε)

εb(ε) = ∂bh
∂w1

∣∣∣
w=1
− 1

Can easily extract this from our numerics
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The metric on M1,1

εb(ε) =
∂ĥ

∂w1

∣∣∣∣∣
w=1

− 1



The metric on M1,1

F (ε) = 2π

(
2 +

1

ε

d(εb(ε))

dε

)



The metric on M1,1: conjectured asymptotics

F∗(ε) = 2π (2 + 4K0(ε)− 2εK1(ε)) ∼ −8π log ε

F∞(ε) = 2π

(
2 +

q2

π2
K0(2ε)

)



Self similarity as ε→ 0

Suggests ĥε(w) ≈ εf∗(εw) for small ε, where f∗ is fixed?

Define fε(z) := ε−1ĥε(ε
−1z)
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(∇2ĥ)(w) = 2ε2 |w − 1|2ebh(w) − |w + 1|2

|w − 1|2ebh(w) + |w + 1|2

Subst ĥ(w) = εfε(εw)

Take formal limit ε→ 0

Screened inhomogeneous Poisson equation, source −4 cos θ/r

Unique solution (decaying at infinity)

f∗(re
iθ) =

4

r
(1− rK1(r)) cos θ
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Subst ĥ(w) = εfε(εw)

Take formal limit ε→ 0

Screened inhomogeneous Poisson equation, source −4 cos θ/r

Unique solution (decaying at infinity)

f∗(re
iθ) =

4

r
(1− rK1(r)) cos θ



Self similarity as ε→ 0

(∇2fε)(z) =
2

ε

|z − ε|2eεfε(z) − |z + ε|2

|z − ε|2eεfε(z) + |z + ε|2
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The metric on M0
1,1

Predict, for small ε,

ĥ(w1 + i0) ≈ εf∗(εw1) =
4

w1
(1− εw1K1(εw1))

whence we extract predictions for εb(ε), F (ε)

g0 = F (ε)(dε2 + ε2dψ2)

Conjecture: F (ε) ∼ −8π log ε as ε→ 0
M1,1 is incomplete, with unbounded curvature
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ĥ(w1 + i0) ≈ εf∗(εw1) =
4

w1
(1− εw1K1(εw1))

whence we extract predictions for εb(ε), F (ε)

g0 = F (ε)(dε2 + ε2dψ2)

Conjecture: F (ε) ∼ −8π log ε as ε→ 0

M1,1 is incomplete, with unbounded curvature



The metric on M0
1,1

Predict, for small ε,
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Long range vortex interactions

n+ = 1 vortex asymptotically indistinguishable from solution
of linearization of model about vacuum n = (1, 0, 0)

L =
1

2
∂µψ∂

µψ − 1

2
ψ2 − 1

4
FµνF

µν +
1

2
AµA

µ + κψ − jµAµ

in presence of sources:

κ = qδ(x) scalar monopole q

(j0, j) = (0,−qk×∇δ(x)) magnetic dipole qk
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Long range vortex interactions

Point vortex: composite point particle of mass 2π, scalar
charge q and magnetic dipole moment qk

Point antivortex: same thing, but q 7→ −q
[cf vanilla (anti)vortices: only dipole moment flips!]

Charge q comes from numerics: q ≈ −7.1
[cf vanilla vortex: q ≈ −10.6]

Deep principle / leap of faith: physics is model independent

Interactions of well-separated ± vortices should coincide
asymptotically with interactions of corresponding point
vortices in linear field theory

Interaction Lagrangian

Lint =

∫
R2

(
κ1ψ2 − jµ1 A2

µ

)
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Long range vortex interactions

Static point sources (q1,m1), (q2,m2) at x1, x2

Vint = −Lint =
1

2π
{m1m2K0(|x1 − x2|)− q1q2K0(|x1 − x2|)}

where K0(r) ∼ e−r/
√

r .

Vortex-vortex pair (q, q), (q, q): Vint = 0

Vortex-antivortex pair (q, q), (−q,−q): Vint = 0

Moving sources transform differently (scalar / vector)

L = π(|ẋ1|2 + |ẋ2|2)∓ q2

4π
K0(|x1 − x2|)|ẋ1 − ẋ2|2

{
VV

VV
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{
VV

VV



Long range vortex interactions

Static point sources (q1,m1), (q2,m2) at x1, x2

Vint = −Lint =
1

2π
{m1m2K0(|x1 − x2|)− q1q2K0(|x1 − x2|)}

where K0(r) ∼ e−r/
√

r .

Vortex-vortex pair (q, q), (q, q): Vint = 0

Vortex-antivortex pair (q, q), (−q,−q): Vint = 0

Moving sources transform differently (scalar / vector)
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{
VV

VV



Long range vortex interactions

Static point sources (q1,m1), (q2,m2) at x1, x2

Vint = −Lint =
1

2π
{m1m2K0(|x1 − x2|)− q1q2K0(|x1 − x2|)}

where K0(r) ∼ e−r/
√

r .

Vortex-vortex pair (q, q), (q, q): Vint = 0

Vortex-antivortex pair (q, q), (−q,−q): Vint = 0

Moving sources transform differently (scalar / vector)
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Long range vortex interactions

On M0
1,1,

g0
L2 = F (ε)(dε2 + ε2dψ2) F (ε) ∼ 2π

(
2 +

q2

π2
K0(2ε)

)
.

Asymptotically negatively curved



What next?

Case of compact physical space Σ2 is interesting

E.g. Σ = S2
R

M1,1(S2) = (S2 × S2)\∆
Cohomogeneity 1, kähler
(Almost) explicit formula for gL2

Small ε asymptotics look (maybe) different from Σ = R2

Can extract volume (finite)

Mn,m(S2) = (CPn × CPm)\∆n,m

Formal limit of G = T 2, X = C2 model (e2 →∞)

MC2

n,m(S2) = CPn × CPm, exact formula for volume
Conjecture

Vol(Mn,m(S2)) =
(2π)n+m

n!m!
(Vol(S2)− π(n −m))n(Vol(S2) + π(n −m))m
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